Non-Profit Joint Stock Company

QRENGINEE’?’N

s ( ALMATY UNIVERSITY )
% OF POWER
z ENGINEERING AND
TELECOMMUNICATIONS
& NAMED AFTER

° \ GUMARBEK DAUKEEV )

G 4
& (-]
Marpek Dav*®

The department of mathematics and
mathematical modeling

MATHEMATICS 2

Methodological Guidelines and Tasks
for carrying out the calculation-graphical works for students of
all educational programs

Almaty 2020



COMPILER: Kim R.E., Mathematics 2. Methodological Guidelines and
Tasks for carrying out the calculation-graphical works for students of all
educational programs. — Almaty: AUPET named after Gumarbek Daukeev, 2020. —
69 p.

Methodological Guidelines and Tasks for carrying out the calculation-
graphical works contain tasks for three calculation-graphical works (CGWNel,
CGWNe2, CGWNe3) in the sections “Differential and integral calculus of
multivariable functions”, “Differential equations”, “Series” of the discipline
“Mathematics 2”.

The basic theoretical questions of the program and the solutions of exemplary
embodiments are given.

Tables 45, figures 2, bibl.—10

Reviewer: candidate of pedagogical sciences A.M. Salamatina

Printed according to the Publishing plan of Non-ProfitJoint Stock Company

“Almaty University of Power Engineering and Telecommunications named after
Gumarbek Daukeev” for 2020.

© Non-ProfitJoint Stock Company “Almaty University of Power Engineering
and Telecommunications named after Gumarbek Daukeev”, 2020

2



Introduction

The program for the course "Mathematics 2" is structured in accordance to
the current curricula of AUPET. All students study 3 modules for this course, which
corresponds to the total number of credits allocated in the curriculum. As a result of
studying the discipline, a student must know the basic formulas and methods for
differentiating and integrating of multivariable functions, as well as be able to find
optimal methods and use the theory of approximation of functions in solving of
applied problems.

Methodological Guidelines contain tasks for three calculation-graphical
works (CGWSs) in the sections “Differential and integral calculus of multivariable
functions”, “Differential equations”, “Series” of the discipline “Mathematics 2”.

The basic methodological instructions are given to each part in the form of
formulas for solution the tasks of the first level of complexity and solutions of
exemplary embodiments are given.

All calculations can be carried out in the software “MathCAD” of any level.

CGW is performed in a separate thin notebook. In the number of each task
the second digit indicates the variant.

1 Calculation-graphical work Nel. Differential and integral calculus of
multivariable functions

Purpose: master the fundamental concepts and methods of the theory of
differential and integral calculus of multivariable functions. Get the skills in
calculation of derivatives and integrals.

1.1 Theoretical questions

1 Multivariable functions. Partial derivatives. Mixed derivatives.

2 Tangent plane and normal to the surface.

3 Total differential of multivariable functions and its connection with partial
derivatives.

4 Extreme points of multivariable functions. Necessary and sufficient
conditions.

5 Double integrals, its basic properties. Calculus of double integrals in
Cartesian coordinates.

6 Triple integrals, its basic properties. Calculus of triple integrals in
Cartesian coordinates.

7 Jacobian. Change of variables in multiple integrals.

1.2 Calculated tasks

Task 1. Find for the function z =f(x,y):
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¢) make sure tha oyox  oxdy’

d)dz, d’z.
11 |z = e2x®+y? 12 |, Y

x2
1.3 |z=x3y° 1.4 |z = cos (x*y* —5)
15 |z =sin(x3y) 16 |z=(x?-2y)°
1.7 |z=(4x —y3)? 1.8 |z=(5x3+2y)*
19 |z=(2x3—y)’ 1.10 |z = (4x% —5y3)°
111 | 5 = gx*° 112 |z = (4x +y)°
1.13 |z = cos (x — 5y) 1.14 | z = sin (xy)
1.15 |z = cos (3x* — y3) 1.16 |z = (3x + 2y)°
1.17 |z = (5x* — 3y*)? 118 |z = (x3 —4y)’
1.19 |z =3 1.20 | z = cos (xy?)
121 |, = o¥*-¥? 122 |z = gx+y®
123 |, _ % 1.24 | z = cos (xy?)
y

1.25 |z =sin (x* —y) 1.26 |z =x3y?
1.27 |z = (x — y?)° 1.28 |z = (2x +y)’
129 |z = (x —3y)® 130 |z = (3x% — 2y?)3

Task 2. Find the direction of the greatest change of function
u(M)zu(x,y,z) at the point l\/lo(Xo, Yo Zo).

Ne u(M) M, | N u(M) M,
2.1 y+yiz4zix | (1-12) 216 |n(x3 Lyt Z+1) (1,3,0)
22 | 5532 211217 | x o) 4ef (-4,-5,0)
23 |n(X2 + y2 + 22) (-1’2’1) 218 x4 _3xyZ (2,2,'4)
2.4 z. ex2+y2+zz (0,0,0) 2.19 3x2y3Z (-2,-3,1)
2.5 |n(xy +yZ+ XZ) (-2,3,-1) | 2.20 exy+z2 (-5,0,2)
2.6 Jaxityiez LL11) (221 | o= (3,1,4)
2.7 Xy+xzt—2 L1y [222 | (2,0 L 22) (1,2,-1)




2.8 xe' + ye —z° (302 [223 [ (x4 ) (1,5,0)

2.9 3xy° +z° —xyz (1.22) | 224 | x’y+y*z-3z | (0,-2,-1)

2.10 2 2 21 (1,11) | 225 10 -1,2,-2

Sxlyz+xy’z+yz2 | LL1) 10 ( )

X +y +z7+1

2.11 X (122) | 226 | In+x—y*+2?) | (L,1,1)

x*+yt+z?

212 | 2 _oypazt | BLD[227 [x y oz (-1,1,1)
y z X

2.13 )C2 + y2 + 22 — 2xyz (1;'112) 2.28 X +xy2 —6xyz (1;3;'5)

214 | In(l+x+y*+7%) (111) 1229 | x y «x (2,2.2)
y z z

2.15 X2 +2y2 —4z%_5 (1,2,1) | 2.30 o5 ? (1,0,3)

. . L 0z oz L ) _
Task 3. Find the partial derivatives P 5 of the implicitly given function
z=f(x,y): F(x,y,2)=0.
Ne F(x,y,2) Ne F(x,y,2)

3.1 xyz+3xy’ —5yz° 316 | xp? —z+xyz(z—x)

3.2 x*yz—2xyz" +3xy°z 3.17 (x+y)22 —Hc(y2 +22)

3.3 2x°y’z—xyz’ +x°yz’ 318 | x —yz+xyz—xz?

3.4 xz(y+z)—yz2 +2xyz 3.13 Xy+yiz+2x

35 1 (w—y2)e’ + 2 390 1 x4 y2 -2

3.6 2xy” —3xyz+2xz° 321 | xyz—x*y—2x)°

3T | (+z)oz—(x+y—zyz’ |32 | (x—z)y" +(y—x)’

3.8 3xyz’ —4xy’z+x°y° 323 | xy’z+xyz+xyz’

3.9 —x’y+2xyz —3xz° 3.24 | (x— yz)x* —2xyz*

3.10 xyz—z> +2xy° 325 | (x+y)? +(y+z)’

311 | zx(y—x)—2xyz+2° 326 | (x—yz)z—z(x+y)

3.12 x(y2 +zz)+ 3xyz—z° 327 | (x+2y)z* +3xyz

3.13 3.28

(y + Z)x2 — 2xy2 + xyz

X’ yz+y’xz+z7xy




3.14

oz —y)—2x° +3xp° 3.29

(x - y)x2 +y°z—2xyz

3.15

(x + y)zx2 +2xy°z—xyz> | 330

Xy+yz+zx

Task 4. Write the equation of the tangent plane and the normal to the surface
S ata given point My (X1, Y1, Z1).

Ne S My (X1, Y1, 71)
4.1 x> +y? +2° +62-4x+8=0 M:(2,1-1)
4.2 x> —4y? + 7% =—2xy M:(-2,12)
4.3 x> +y?+72 +6y+4x=8 M. (3.2.1)
4.4 X2 +y2+22 —xy+3z2=7 M:(5.2,0)
4.5 2x2 —y* +2° —4z+y=13 M1 (2,01)
4.6 x> +y?+72+6y+42+4=0 M:(-24.-1)
4.7 x? +2% +5yz +3y = 46 M. (-5.6.8)
4.8 x> +y?—xz—yz+8=0 M; (-3.2,4)
4.9 X2 +y?—2yz—7°+y—2z=2 Ms (8,-54)
4.10 X*+y’ —22 -2x2+2x =1 M: (2,11.-11)
411 Z=X2+y? —2Xy +2X—Yy M; (4.0.-1)
4.12 Z=—X2+Yy? +6xz2—4y M; (8.-1,-10)
4.13 2=x2—y?—2xy—X—2y M (3,0.,8)
4.14 X +2y* + 7% +x2 -4y =13 M1 (5.2.3)
415 |4x* +8y* —147° +47+12x—8y =9 M. (0.14)
4.16 y?+2° +6x+y-52-8=0 M (5.2.1)
411 |2x2 —3y* +27° +6yz—4xz+8x =0 My (0,-4,-1)
4.18 X2 —y?+72+6yz—4z=14 Mi (-2,-1,-1)
4.19 X2 +y?—72 +x2—-4y+8x =15 M; (2,5,-5)
4.20 X2 —y?—7? +16y—4xz +8x =15 M (4.2,-1)
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4.21 3x% +y? +xz—4yx =10 Mz (5.1,-5)
4.22 X2 +2y* +2°+4x2-8=0 My (7,1,-7)
4.23 x? —3y* +7* -4y +18x =0 My (8,0,-8)
4.24 X+Yy2—7°+62—-14x+6=0 M; (2,0,-2)
4.25 5x% +y?—7° +6x2-8x+82=0 My (1,1,-1)
4.26 X2 —y?—7% +6xy —14xz+11=0 Mz (5,-5,-5)
4.21 7=-2X"+Yy*—4x+8y My (6,6.,-5)
4.28 y—X*+5y* + 7% +6x2 =12 M1 (7,1,-7)
4.29 z=x>+2y* —4xy +8y Mz (9,5.-9)
4.30 z=2x>+y? +4xy —14y M: (3.3-1)

Task 5. Investigate for extremum of function.
5.1 z=xy(12—x —y) 52 |z=(x—2)>+2y*—10
5.3 z=(x=-5%*+y*+1 54 |z=1+15x—2x*—xy — 2y?
5.5 z = 2xy — 2x? — 4y? 56 |z=x/y—x*—y+6x+3
5.7 z=2xy—5x*—3y%+2 58 |z=x*+xy+y?—6x—9y
5.9 Zz=xy—x*—y*+9 510 |z = 2xy —3x*> —2y*+ 10
511 |z=x3+8y3—6xy+1 512 |z = yWx —y% — x + 6y
513 |z=2x3+2y3—6xy+5 514 |z =3x%+ 3y —9xy + 10
515 |z=x*+y*—xy+x+y 516 |z=x*+xy+y*—2x—y
517 |z = (x —1)%+ 2y? 5.18 | z = yvx — 2y% — x + 14y
519 |z=x%*+3(y+2)* 520 |z=2(x+y) —x*—y?
521 |z =xy—3x%*—2y? 522 |z=x3+8y3>—6xy+5
523 |z=x3+7y3—-3xy 524 |z=1+6x —x* — xy — y*
525 |z=xy(6—x—7Y) 526 |z=x*+xy+y*+x—y+1
527 |z =6(x—y)—3x?—3y? 528 |z=x*—xy+y*+9x—6y+2
529 |z=4(x—-y)—x*—y? 530 |z=x3+y*—6xy—39x+ 18

Task 6. Check whether the given function u (X, y, z) is a solution of a partial
differential equation.

Ne Equation u(x,y,2z
6.1 2 2 2
2 OU oy OU 20U, u=JY
OX? OXOY oy? X




6.2

X
u=In=+x>-y?

y

6.3

u=In(x*(y +1)%)

6.4

u=x’

6.5

A
X+Y

u=

6.6

u=e?

6.7

u =sin’(x—ay)

6.8

u=y y
X

6.9

1

u:
\/x2+y2+22

6.10

cos(x+ay)

u=e

6.11

u=(x=-y)(y-2)(z-x)

6.12

u:xml

X

6.13

u=In(x*+vy?

6.14

2

u =arcsin xy+y—

3X

6.15

u=e”




6.16

2
ou _ u=arctg =+
OXoy 1—xy
6.17 @Jr@_o u=In(+y?+2x+1)
ox* oy’
6.18 ou ou 2X + 3y
X—+y—+u=0 U=——-5
OX oy X +y
6.19 2 . 2 2 2
(a_uj+ ou +(a_uJ _q U=+x2+y?+12
OX oy 0z
6.20
u ya—u:2u u=(x2+y3)ig =
ox_ oy y
6.21 2 2 _ o 043Y) o
98_l21+8_l::O u=e sin(x+3y)
ox~ oy
6.22 2 2 2 y
x2—2+2xyau +y28—li u:xe4
X oxoy oy
6.23 2 2
8_u+8_u:O u=arctgl
ox* oy’ X
6.24
xa—u+ya—u:0 u:arctgl
OX oy X
6.25 ou o°u  oudu 0 u=In(x+e”)
OX OXoy 0Oy OX*
6.26 ou ou . X
X—+y—=0 u =arcsin ——
OX oy X+Yy
6.27 1u 1du u y
o VAV W=7 o
XOx yoy 'y (x2-y?)
6.28 2 2
8U+8U:X+y u:X +y
oX oy X-Y X—Yy
ox oy u




6.30 o’u du 0 u=In(x*-vy?)

aXZ ay2

Task 7. Find the full derivative of a composite function u=u(x,y), where
x=x(t), y=y(t) at the point t=t,.

Ne U=u(Xy), X=x(), y=y(t
7.1 u=e?, x=sint, y=t>,t,=0
1.2 u=Ine*+e”), x=t*, y=t>, t,=-1
7.3 u=y* x=Int-1), y=e"t,=2
7.4 u=e"2% x=sint, y=e"’,t, =z/2
7.5 u=x%’, x=cost’, y=sint, t, =x
7.6 u=In(e* +e’), x=t* y=t>1t,=1
.7 u=x’,x=¢e', y=Int, t,=2
7.8 u=e’"% x=arctgt’, y=t>,1,=0
7.9 u=x%", x=(t*+2), y=(t-1°t,=5
7.10 u=In(e*+e), x=t*, y=t3t,=-1
7.11 u=e’"** x=cost, y=arcsint, t, =—z /2
7.12 u=arcsin(x/y), x=e"',y=t3, t, =—7x
13 u =arccos(g), X =sint, y=cost’, t, =7
7.14 X2 : ,

u= il X=1-5t°, y=arctgt, t, =0
7.15 u=x/y, x=e*, y=2-e*t,=0
7.16 u=Ine*+e”), x=t*, y=t3t,=-1
M u=x+y? 3, x=Int?, y=t% t, =e
7.18 X _

u =arcsm(7), X=sint, y=cost, t,=r
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u=—, x=1-2t, y=arccost®, t, =1
X .
7.20 u=2-Y x=sint, y =cost, t, = —
y X 4

[ U=4y+x*+3, x=Int, y=t*t,=e
7.22 2X _ X

u =arccos(—), x=sint, y=cost’, t, ==

y

7.23 X . 3

u=arctg(—), x=sin2t, y=cos3t’, t,=x

y

724 u:\/x2+y2+3xy, x=Int, y=t*t,=1
7.25 u=y/x, x=e", y=1-e* 1 =2
7.26 2X .

u =arccos(—), x=sin2t, y=cost, t,=r

y

.27 u=Ine*+e’), x=t*, y=t*, t, =1
7.28 uzarcfg(x%—}-‘):x:r: + 2, }-‘:4—1‘3:1‘0 =1
7.29 u:\/xs—y2+3xy, x=Int, y=t>,t, =2
7.30 u=arctg(xy), x=1-sint, y=e*,t, =z/3

Task 8. Construct the domain D and calculate its area through the double
integral.

81 D:}-':S—Qx—x:_.y:]—x 8.2 D:J.‘:‘TE_“T:—I_“Tzz
D:}':—lf+x+3, =0 D;J-:if:}-_x:o

8.3 4 8.4 4

8.5 D:}-‘:X:_,J-'zzx—l—g 8.6 .D:J':":LT: l':].: x=9

8.7 D:J;-':':x_.JL-':O_.x:l_.x:ﬂr 88 D:iy=—x"+4,y=0
DZ”‘L':.‘L‘J:}':X: .‘L‘Z—l D: J'.:£:}.:0

8.9 2 8.10 2

g1 Diy=4-x.y=0 g1p Dix=2-y-1. x=2
D: }'zlx+2, y=0,x=-3x=2 |[814 Diy=—xy=2x-x

8.13 2

11




g15 Dty =x’, y=3x 8.16 Diy=x"+2 x=3.x20,y=0
g17 Dix=2-3".x=0 g1g D:iv= ¥ —6x+35, v=0

819 D:y=x y=0x=1 8.20 D:y= X’ y=0

g21 Diyv=x-lLy=3 g22 Dix=y.x=I

8§23 Dy =1-xx=0 goa Diy=5x y=x x=3

go5 Diy=x -3x, y=x gog Div=2-xy=xxz0

8.27 D:iy=2-x".7 =x gog D1 x=Lx=2

829 Diyv=4-x', y=35x20,y20 g3p Dy =4x, x=2

Task 9. Calculate the double integral over a given domain D.

9.1
ﬁ ‘c+:: )d‘cd‘u
D

t:::l

2=x<0,0=y=1

9.2

ij (x+)

" dxdy,

D:-1=x=2, 0=y=1

9.3
[[(2x+1)fy dxdy.
D

D:2=<x=0,0=y=1

9.4
ﬂ(ﬁ +x )drtﬁ

t:jb

0zx<l-1£3<0

H *c+’7 v dxdy,

9.6
ﬂ(}'ﬂ)\/;fimf}g

D
D:[}Exiﬂr.—li;ril

9.7
[[3(1=3) dvap,

D:—1/3=x=<0,0=y=1

H 5+*c dxdy,

9.10 9.11 9.12
[[(x* + %) dxay, ﬂ(lﬂ-) y dxch |) € (1+2y)dxah
D : D
D:0<x<l, -1=y=0 5:25:{53 0<y<1 D:i-l<x<l 0<y<2
9.13 9.14 9.15
I_f(l’f-l—_}-‘)d‘fﬁ?}’, JJ( Jx +l)d*cd1 J (3—3}')%:1{*{9’1
D D D
D:0=x=l, -1<y=1 D:0=x=l, -1=y=l D:0=x=1 -1=yv=0
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9.16 9.17 9.18

ﬂ(r1 +_}:)d*mf}' H(l —2\/;)_}'(1{155{1; j‘j‘(x+2)2 v dxdy,

D D ! D

D:-2=x=1 —-1=y=1l | D:0<x<9, -2=y=2|D:2<x=-1, 0=y=2
9.19 9.20 9.21

[(1-21)/x drah ||(2-x)\fy ey ﬂ(lﬂ}'% dxch

D:0=sx=<1 0=y=<1/2 |D:1=x<2 0<y=<4 |D:-1<x<] 0<y=2
9.22 9.23 9.24

ﬂ x+:,~ d*cd*; JJ( x +3x ) dxd) H(x+2y):im{1‘,

D ' -

D__lgxgl: 0<y=<l |Di0=sx<l -l=sy<2 D:-1=x<l -1=y=l
9.25 9.26 9.27

‘fj(ﬁ;}: +1) dxd}', jj(1+3\/.;)_}'dfﬂrl II(E:{'-S)_ };dﬂf{i‘“:

D—ZExEZ.[}EiEZ D:0=x=l1 0=y=l D:-2=x=1 —-3<y<3
9.28 9.29 9.30

JJ (1+3x)fvdxdy. Ij(5+x3)\/;dfdl'- JJ(I—EJ']\/;dmﬁ':

D D D

D:0<x<l, 0<y<l/3 | D:i0=x=l O=y=l D:0<x<1, 0=y=<1/2
Task 10. Calculate the triple integral over a given domain V.

10.1 10.2

||| {t +y+4z° )dwﬁ'dz; ||| X" vzdxdvdsz.

F o

V:—-1l=x=1, 0=y=2 —-1=z=1 Fi-1=x=2,0=y=<2, 2<2z<3

10.3 10.4

”“3.1: +3v+ z)afmﬁ‘dz_. [[[{x:+;'3+z:]draﬁ'dz;

v I

V:2=<x<3, —-1=y<2, 0=z=<4 F:0=x=3, -1=y=<2 0=zz<2

10.5 10.6

||| X* v zdxdvdz; |-|q|q{.'C+}'+Z']d‘mﬁ'dz_;

% "3 '

V:-l=x<3, 0sy=<2, —2=z<35 V:0<x<3, —1<y<0, 1£z<2

13




10.7

[ (2x-3* - 2) axatvez
|

Fol=x=35 0=y=2, —-1=z=0

10.8
||| ij': zdxdvdz,
-

Fo0<x<3, —-2<v£0, 1£z<2

10.9
[[[ijzzdmﬁ'dz;
£

F.—-1=x<0, 2=v=3 1=z<2

w

10.10
“H‘ +2y° -z ]ﬂfmﬁ'dz;
s

F:o0=x=1, 0=y=3, —-1=z=2

10.11
[[] (x+ 252) decbyaz:
|

F:—2=<x=<0, 0=v=l, 0£z=<2

10.12

||| [1 +y7° ) dxdvdz;
2

V:0=x<l, 0=sy=2 —-1=z<3
10.13 10.14
”[{111*32’}63{‘595'9?2; [ (xy—2" ) dedvdz
v mer :
V:—-1l=x=1l, 0=y=l, 1=z=<2 V:0<x<2 0<y=l —-1<z<3

10.15
||| [1 + ;rz) dxdvdz;
-

V:—-1=x<2 0=y=1l 0=z=<1

10.17

||| (2 +y~ 2" )drdvdz;
s

V:0=x=1l, -2=y=1, 0=z=1 F:0=x=2, 1=y=2, —-1£z=0
10.19 10.20

|||[1+ v—z)dxavdz; |||{1 +2y+37° )dmﬁ'dz;

‘F:- . "‘['.:' 4

V:0=x<4, 1=yv<3 —-1=z<5 Vi—-1<x=<2 0=yl 1£z<2

10.21
] (35 +25 + z) dxdyetz
)

V:0=x<1,

10.22
l“ (-2 )ﬂfmﬁ'a’z;
2

V:0=<=x<1l, —-1=y=<2 0=£z<3

14




10.23 10.24
|[[ x° 2 vtz [[] 0z dedyaz:
[- I'
F:l=x=2, 1=y=3 0£z=1 Vi:-2=x=] 0=y=<3 0<z<3
10.25 10.26
||| vz’ dydydz; ||| (x+ yz)dxdydz:
i s

V:0=x=2, -1=y=0,0=z=14

|
L]

I
[

F:0=x=1 —-1=v=4 0

10.27
[ (x+ 57 = 2* ) dvayaz
)

Fo—2<x<0, 1l=v=2 0<£z=<35

10.28
||| {x +y+2° )dmﬁ‘dz;
2

F:—-1=x=0, 0=y=]l, 2=z<3

10.29
([] (x+ »* = 22) dedyz:
|

Vil=x=<2, —-2=<y=3 0=z=<1

10.30
([T (x=y=2)acave:
|

o 0=x=3, 0=y=l —-2<z=1

Task 11. Change the order of integration.

11.1 11.2 11.3
0 0 1 0 1 0
j dy j f(x, y)dx j dy j f(x, y)dx j dy j f (X, y)dx
-1 ,ﬁ 0 —\/ﬂ 0 *\/V

11.4 115 11.6
N R 1y 0 2
[ay [ fxy)dx [y [ £(xy)dx [ ax [ f0xy)dy
0 0 0 0 -2 0

11.7 11.8 11.9
-3 0 e 1 2 1
[ax [ foupay | Jax [ feayady [ax [ f(xy)dy
) _\/1_7 1 Inx 0 w21

11.10 11.11 11.12
1y 2 2-y 11
[y [ £(x, y)ox Jox [ £(x y)dy fox [ f(xy)dy
0 0 1 0 -2 —2-X

11.13 11.14 11.15
1 0 B /3 0 0
Jdy [ £(xy)dx [ay [ f(xy)dx Jax [ f(x y)dy
0 —ﬁ 0 arctgy -1 Ix




11.16 11.17 11.18
2 0 -1 0 1 y
j dx j f(x, y)dy j dy j f(x, y)dx j dy_[f(x,y)dx
NEIN e 2  —2-y 0 0

11.19 11.20 11.21
1 1 2 -1 0
[ax[ £ (x y)ay deyﬁ?f(x’y)dx [ay [ fexyd
0 x2 0 0 —\/E — 2_y2

11.22 11.23 11.24

3 4 4-x 1 0
[ax] (e Jax [ £ox ey Jox [ £0xy)y

0 0 -1 %24

0 O11.25 11.26 11.27
1 0 0 0 -3 0
fox [ fooyydy | [dx [ f(xy)dy [ax | fxy)dy
0 —JI=x -1 —x 2 1

11.28 11.29 11.30
2 _\/ﬂ 0 0 14 sinx
[ay [ f(xy)dx [dy [ f(xy)dx [ dx [ £0x y)dy
5 N -1 —J2y 0 0

Task 12. Calculate the double integral with

coordinates.

the transition to the polar

12.1 12.2 12.3
[+ y?axdy, ” x* + 2y*dxdy, [[\16+x + y*dxdy,
D D D
D:x*+y?=2. D:x*+y?=0. D:x*+y?=9.
12.4 12.5 12.6
J'J.\/x2 + y2dxdy, “-exz+y2 dxdy, ”sz + y2dxdy,
D D D
D:x*+y?=4,x20. D:x*+y* =1 D:x*+y*=3,y>0.
12.7 12.8 12.9
Hsin(xz +y?)dxdy, [ 1 _dxdy, [[e¥" dxdy,
D DXty D
D:x*+y’=7/2 | D:l<x’+y*<a. D:x*+y*=5.
12.10 12.11 12.12
_” cos(x? + y?)dxdy, H (X% + y?)dxdy, Il ! _ dxdy
D D D \J1-x -y
D:x*+y*=ni2. D:x*+y®=5. D:0<x*+y*<1/4.
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12.13 12.14 12.15
H (4x* + 4y?)dxdy, J‘J.«/x2 + y* +5dxdy, H«/x2 +y* —160dxdy,
D D D
D:x*+y* =2, D:0<x*+y?<2 D: x*+y?=20,x>0.
Xx>0,y>0

12.16 12.17 12.18
[[—2axay, | [[sinCC+yday, | Y gy
5 x2+y D DXty
Di1<xy <4 | DXV A2 IDiextey<s

12.19 12.20 12.21
” y cos(x* + y*)dxdy, ”«/xz + yZdxdy, ”# dxdy,
D D 5 /X2+y2

) 2 ) 2 _

D:x*+y° =5 D:x“+y" =4,x>0. D:x<0, x2+y%=1

12.22 12.23 12.24

y 1 3x%y?dxd

————dxdy, dxdy, J.I y axay,
I.5|‘«/x2+y2 ‘[DJ‘«/1+x2+y2 D
. v2 2

D:1<x*+y*<3 D:x*+y*=3 D:x"+y =1 x20

12.25 12.26 12.27
J.J'«/4+ x* + y* dxdy, _U yA/ X2 + yZdxdy, J’j y dxdy,
D D 5 1+ X*+y°
D:x*+y*=5 D:x*+y*=9 D:x<0, y<0,

X +y*=1

12.28 12.29 12.30
” X/ X2 + y2 dxdy, ”2X2 +3y2dxdy, H«/XZ + y2 dxdy,
D D

D:x*+y*=25x>0

D

D:x*+y*=3x>0, y>

OD: x*+y*=7,x>0

1.3 Solution of an exemplary embodiment

Task 1. Find for the function z = f (x,y):

07 02
Q) —

6x’ay;

0’z 0*z 0z

b) ox?’ oy?’ oxoy’

17




0’z 0%z

oyox  oxdy’

c) make sure that

d)dz, d’z.
Solution: the function of several arguments z= f(XY,...,t) can be

differentiated by each argument, considering all other arguments to be constant. The

0z 01
partial derivative P 5 obtained in this case are found by the well-known
rules for differentiation of one variable function.

0’z 0’1 0%z 0’z
o o oy A

Partial derivatives of higher orders are found

by the same rules: partial derivatives of the second order are derivatives of partial
derivatives of the first order, partial derivatives of the third order are derivatives of

the second order derivatives, etc.
The total differentials of the function Z= f(X,y) of the first and second

orders are determined by the formulas:

dz:gdx+gdy-
OX oy '’

2 2 2
072 iy 4292 dxdy+ﬂ

d’z= 2 2
OX Ooxoy oy

dy?.

a) for the function Z = In(x* +y* +1) the first order partial derivatives have

the form:
07 2X oz 2y

X x2+yi4l’ @_x2+y2+1;

0%z 2X CO2(x*+y 4D -2x-2x _ 2(=x"+y +])
b) ox? \x*+y*+1) (X* +y*+1)? (X +y*>+1)?*

822( 2y j'_Z(xz—y2+1)_
oy’* y

- X2+y2i4l) (X +yi+1)?

18



0°z _( 2X ] ! 4xy
| 2 2 == ;
oxoy X +y*+1) (X* +y? +1)?

o’z 2y Ay
2 ovox \X+yi+1) T (P +y?+1)?
0’z 0z
OyOX axay

thus, really

2 2 2 2
g de= Y g Y gy
(X“+y°+1) (X“+y“+1)

2
= Ty i ((—x2 +y? +1)dx+(x* —y° +1)dy);
2(-x% +y?+1 8x 2(x* —y? +1
d*z= (2 2y Z)dXZ— 2 Z 7 axady + (2 ¥ 3d2
(X“+y“+1) (X*+y°+1) (X“+y“+1)

Task 2. Find the direction of the greatest change of function
u(x, y,z)= x> —2xy +3z° at the point #,(0,2.1).
Solution: the direction of the greatest change of function

u(M)= x> —2xy+3z’ at the point M is given by the vector gradu(M ).
gradu(M,)=u,(M,)i+ul(Mg)j+ul(Mg)k

X

Find partial derivatives:
uy(Mg)=(2x- 2y)| =2-0-2-2=-4.

uy (M) =—-2x,,, =—2-0=0,
u(M,)=9z"|,, =9-1=9

Thus, gradu(MO): —4i+9k

07 0z
Task 3. Find the partial derivatives — — of the implicitly given function

X 8y
z=1T(x,y): FXXy,2)=xyz+In(x+ 2y + 3z) =

Solution: we calculate the partial derivatives for the function F(x, y, z):

19



, 1 , 2 ,
F=yz+ ——+—; F=x2+———— F/=Xy+—F————.
X+ 2y + 3z X+ 2y + 3z X+ 2y + 3z

Further, for an implicitly given function, partial derivatives are substituted
into the formulas:

, yz+# , xz+#

, B X+2y+3z . KB X+2y+3z
ZX__F’ =— 3 ; Zy__F’ =— 3 :
z Xy+-—— z Xy+-——
X+2y+3z X+2y+3z

Task 4. Write the equation of the tangent plane and the normal to the surface
S: F(x,y,2) =x? +y2+22 =0 at the given point M,(~236).

Solution: the equations of the tangent plane and the normal to the surface
F(x,y,z) =0 atthe given point My(X1, Vi1, 1) have the form:

oF oF oF
o (X=x)+— (y_y1)+a_ (z-2)=0;
XMy My Z1my
(X_Xl):(y—Y1):(Z_Zl)
F| o ]
OX |\, oy My 0z |\,
Calculate the partial derivatives at the point:
X ‘ -2 2
F!M = = =—-—,
«(My) x2+y2+22‘M J4+9+36 7
, y | 3 .3
F M = = =,
i (M) X2+ y2 422 4+9+36 7
1
z ‘ 6 6
F, M = :—:—’
:(My) Zey?ea?|, VA+9+36 7
1

substitute them into the equations:

-2 3 6 _
7(X+2)+?(y—3)+?(2—6)=0,

20



(x+2) _(y=3) _(2-6)
-2 3 6

7 7 7

Task 5. Investigate for extremum of function z = x* +8y> —6xy +5.
Solution: function z= f(X,y) has a maximum (minimum) at the point

M, (X,,Y,), if its value at this point is greater (less) than its values at all sufficiently

close points. Maximum or minimum (extremes) can only be at points that lie inside
the domain of definition of a function, in which all its first-order partial derivatives
are zero or do not exist. Such points are called critical. Not every critical point is an
extremum point. To check the critical point for extremum, it is necessary to apply

sufficient conditions.

Let the function z= f(x,y) and the critical point M,(X,,Y,)be given, we

denote:
XM, T axay M, P gy M, 2
a; a, 2
0= =ajd, —a;, .
a12 a'22

If 6>0,a;,>0,then M,(X,,Y,)is minimum point;

if 6>0,a, <0, then M,(X,,Y,) is maximum point;

if 0 <0, then there is no extremum at the point M,(X,, Y,);
if 0 =0, then more research is needed.

Find partial derivatives of functions z = x*> +8y* —6xy+5 and critical points
in which they are zero or do not exist and which lie inside the domain of function:

Z, =3X* -6y z/ =24y* —6x.
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3x* -6y =0

Solve the system {24y2 _6x=0’ from which we find two points:

1
M, (0,0) and M, E) . Both points are critical since the function is defined on the

whole plane Oxy.
Let's check these points for an extremum on a sufficient basis:

2 2 2
226)(. 822_6 6_5248y
Ox° ' OXOy ' oy '
For the point M,(0,0) we get:
0%z 0%z 0°1
_2 :allzo. :a12:— —2 :a22_0
ox” M, ' oxoy (M, *oy© (M, ;
0 -6
o= =-36<0
-6 !
therefore there is no extremum at the point M,(0,0).
1
For the point M, (1, E) we get:
6 -6
all:6’ a12:—6, a22:24’ :_6 24 :108>0’

1
therefore the point M, (1, E) is a minimum point and Z,,, =2(M,) =4

Task 6. Check whether the given function u(x,y) =cos(x+ay) is a solution
of a partial differential equation:

, 0°u 0%
—2+—2 =U.
oX° oy
Solution: find partial derivatives:

ou o L . ou_0 _ _asi -
&_—X(cos(x+ay))— sin(x +ay); Y ay(cos(x+ay)) asin(x +ay);

2

@ = g(—sin(x+ay)) =—cos(x +ay); au —i(—asin(x+a )) = —a® cos(x + ay)
ox®  ox Cooy? )= Y-
Substitute them into the left side of the differential equation:
,0°u o _
a® —+—=u(x,y);
ox° oy

a®(—cos(x +ay)) —a® cos(x +ay) = u(x, y),
22



where we get a violation of identity:
—2a? cos(x +ay) # cos(x + ay),
whence it follows that this function u(Xx,y)=cos(x+ay) is not a solution of

" tial i ou a2 ou 0
ifferential equation + =V,
a ox? 6y2
fask 7. Find the full derivative of a composite function

u(x,y) =ctg(xy), x(t) =z(t*-3), Y(t)— at the point to=2.

Solution: calculate xo, yo and partial derivatives of u(x,y) in them:

11
% =XQ =223 =m Yo=Y = =7

ou 0 y 0.25 _
= == (ctg(xy) = - =~ =-05,
o o V0N |r025) st

ou X /4

U2 (ctg(ay)) = = = —or.
ay ay Slnz(xy) (72_’025) Sinz(Z)

Substitute them into the formula of the full derivative of a composite

function:
du _ou dx ou dy
dt ox dt aydt
du d 1
Eto ( sin (XY)E( ~( ))_Sln 2(xy) dt (tz)j
Yo Yo 2 2
T ein2(y v\ 2, .3 =-05-27-2+(-27)-=
Sin®(X,Yo) sin®(X,Yo) t,° 72+ (=27) 8

23
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Task 8. Construct the domain D: y=x?, x=y? and calculate its area through
the double integral.

Solution: the domain D is bounded by parabolic lines (y=x2, x=y?), shown in
figure 1.

Figure 1

Points of intersection of the parabolas are M,(0,0) and A£;(1,1). This domain

D is “regular” in the direction of the x-axis, we describe it:

0<x<1
v — w2 v — 4af )
D:y=x"y=%vX :D'{ngygﬂ:

1 Jx
”f(x,y):jdxjf(x,y)dy.

The area of domain D is calculated by double integral:

1 Jx 1
3 141 3 1 7
Sy = [[1-dxdxy=[dx [dy = [V/x = xZdx=Zx/x —=x3| =2 ===,
° IDI Y ! szy ! 2 370 2 3 6
This domain is also “regular” in the direction of the y-axis:
0<y<l1
D:x=y? x=+,/y = D:
y \/y {yZSXS\/y'
And then it is calculated similarly:
1 3 1 7
1-dxdx dy | dx = dy =— —= ——==—,
H yfyj ffyyyﬁy0236
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Task 9. Calculate the double integral ” (1+2xy)dxdy over a given domain
D
D:0<x<3 1<y<2.
Solution: since the domain D is “regular”, which is a rectangle, then the limits

in the double integral are set as follows:

.[ .[ 1+ 2xy)dxdy = idxi (1+ 2xy)dy.

The inner integral is calculated by integrating with respect to y and assuming

that x is constant. Next we integrate with respect to x:

idxj (1+ 2xy)dy = i(y + xyz)‘:fdx -
0 1 0

3

- ‘3[((2+4x) —(1+x))dx = i(1+3x)dx = (x+3)§]

0

0

:3+£=161.
2 2

Task 10. Calculate the triple integral _mx +3y —2zdxdydz oyer the given
Vv

domain V, bounded by planes: x=1, x=3, y=0, y=1, z=0, z=2.

Solution: since the domain V is “regular”, which is a parallelepiped:

then the limits are arranged in order in the triple integral

j”x +3y — 2zdxdydz = idxj dyj(x +3y —22)dz
v 1 0 o0

25



The internal integral is calculated, considering that x and y are constant.
Further we integrate with respect to y, assuming that x is constant. And at the end

we integrate the resulting function of x with respect to x:

3 1 2 3 1 5
J‘dxjdyj(x+3y—22)dz=Idx_|‘(x+3y)z—z2 dy =
1 0 0 T % 0

1 3
1
dxj2(x+3y)—4dy :j2xy+gy2 —4y‘0dx =
0 1

1
S22
0 2 2

P e (0 Sy O

2x+§—4dx:x2+(§—4)x
2 2

1 X
Task 11. Change the order of integration: Idxj f(x, y)dy.
0 X2

Solution: from the double integral it can be seen that the domain of

integration is described by the direction of the axis Ox:

=0 x=.ly
¢ T 0<x<1 x=1 -
Idxjf(x,y)dy:D:{z < Do , = D5 x.y :
0 X2 X SySX y X y:0|fX:O
LYy =X y=1if x=1

Or the domain D is limited by graphs of the same lines, the equations of

which have another form (x = 0, x = 1, X=\E, x =), as it shown in figure 2.

From here the order of integration in the double integral over the same integration

domain changes:

1 X 1 \/y
”f(x, y):jdxjf(x, y)dyzjdyjf(x, y)dx
D 0 2 0 vy

X
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Figure 2

Task 12. Calculate the double integral with the transition to the polar

coordinates: JI\/ZXZ + ydedy, D:1< X2 + y2 <4,

D
Solution: we describe the domain D in polar coordinates:

=1 CO0S
{x Y X2 1y =r?(cosp? +sinp?)=r? =
y=rsing
. ) 1<r<2
D:1<x*+y"<4=D:1<r"<4 = D: :
0<op<2r7

Since the domain D is symmetric, we will describe its fourth part D;:

1<r<?2
D=4D;: OS(pS%'

Next, we make the change of variables in the double integral:

X=rcose,y=rsinge
[[-—=— dxay = dxdy = rdrdg = [[cos ¢ rdrde.
D

2 2
D VX tY X _rcose
X2 +y? r

To calculate the double integral over the domain, we proceed to the iterated

= COS @

integral in polar coordinates:
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7

IJCOS¢-rdrd¢::4jjc03¢-rdrd¢:: ::4Trdrf205¢d¢::
D 1 0

D

_ 1<r<2
Dy - 0<p<7,

2 T
?:2(4—1)sin%:6.

4
2

-sin
1 @

2 Calculation-graphical work Ne2. Differential equations

Purpose: master the fundamental concepts and methods of the theory of
differential equations. Get problem solving skills for differential equations.

2.1 Theoretical questions

1 Equations with separable variables. Method for solving these equations.

2 Linear inhomogeneous equations. The method of variation of arbitrary
constants.

3 Equations in total differentials. Solution Method.

4 Linear homogeneous differential equations with constant coefficients.
Characteristic equation. The structure of the general solution.

5 Vronskian. Linear dependence and independence of functions.

6 Normal system of differential equations. Characteristic equation for a
system of differential equations.

7 Numerical series. Convergence and sum of a series. Necessary condition
for convergence.

8 Series with positive terms. Signs of comparison, d'Alembert's test.

9 Series with positive terms. Cauchy's radical and integral tests.

10 Power series. Abel's theorem. The radius of convergence. Convergence
interval.

11 Taylor series. Decomposition of a function in Taylor series.

12 Maclaurin series for functions €%, cos x, sin x.

13 Fourier series. Decomposition of functions in Fourier series. Dirichlet
theorem.

14 Fourier series for functions on an arbitrary interval. The coefficients of
the Fourier series.

2.2 Calculated tasks
Task 1. Check whether the specified function is the solution of the differential

equation (in this task C is an arbitrary constant).
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Ne Function y = f(x) Equation
1.1 & x°y +(1-2x)y=x7
y=x2(1+cexj 4 ( )y
1.2 y =xe™ y'x=(1+1ny—1nx)y
1.3 y= cxX 41 y_xyr:l+x2yr
x+1
1.5 y:cx+ex xy'—y—i—ex:O
1.6 2 2 _
y=2T 2@+xy0—y—@/
1+2x
1.7 o y'sinx=ylny
y=ce ?
1.8 y=cvx’ -1 (xz—l)y'—xyzo
1.9 L3 x’y'—2xy =3y
y=cx'e*
1.10 y:ce_2x+2x—1 y'+2y=4x
1.11 1 N
y=cx'e* +x° Y e s
1.12 2 ' -x
y:ex1%+%;J V' +2xy =xe
1.13 y:(x+c)(1+x2) (1+x2)y’—2xy:(l+x2)2
1.14 2 — =
y:cx2+l x*dy+(3—2xp)dx =0
X
1.15 y= ce 2~ V' +2y=0
1.16 y:(x-|-c)ex y’—y:ex
1.17 =1 (@ -1y —xy=0
1.18 .y::x2@-+ce”x) Xy +(1-2x)y =7
1.19 1 , 1
y=cx+— xy'—y+—=0
¢ y
1.20 y=csinx—2 sin x)/ = ycosx+2cosx
1.21 W' =x

y=x>+c
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1.22 = 2+cx 2(1+x2y’):x—xy’
1+2x
1.23 . Xy =yt =xy
e’ =cy
1.24 pmedat 1 (x> —1h' —xy=0
1.25 2x 2
y= 5 y=2 Y
l—cx x* X
1.26 y=(c+x)e’ V'=2y"+y=0
1.27 y=cosx+C-sinx y'+y=0
128 y:i(x—|—C)3 (yll)Z _yl
12
1.29 '
y:lx3+Cx2 y"—1+x
3 X
1.30 y=Ccosx+sinx V'+y=0

Task 2. Find the general solution (general integral) of a differential equation.

No Task No Task

2.1 xdy — ydx=0 2.2 (X+1)dy + ydx=0
2.3 Jxdy —/ydx =0 2.4 (x* ~1)dy—-dx =0
2.5 x3dy — v/xydx =0 2.6 V1+ xdy — ydx =0
2.7 x?dy — ydx =0 2.8 xy2dy + x3ydx =0
2.9 xydy —dx=0 2.10 xdy — ydx=0
2.11 x,[ydy —dx =0 2.12 xdy — ydx=0
2.13 xydy + ydx=0 2.14 xdy — (L— y?)dx =0
2.15 Jxdy — y2dx =0 2.16 xdy —/y2 +1dx =0
2.17 dy —+/xydx =0 2.18 (x+2)%dy — ydx =0
2.19 xdy — x?ydx =0 2.20 @+ x?)dy —dx=0
2.21 ydy —/ydx =0 2.22 J1-x2dy + ydx =0
2.23 dy - x,/ydx =0 2.24 xdy — L+ y?)dx =0
2.25 y2dy — xydx =0 2.26 Jx? +1dy + ydx =0
2.27 x3dy —/ydx =0 2.28 ydy —1— y2dx=0
2.29 y*dy + x,/ydx =0 2.30 dy — J1— y2dx =0

30




Task 3. Find the solution of the Cauchy problem and construct the
corresponding integral curve.
No 3agaHue No 3aaHue No 3aaHue

31 |y'=2y,y(0)=3 |32 |y'=—y,y(0)=2 |33 |y'=vy, y(0)=—
34 |y'=-y,y(0)=-3[35 |y'=2y, y(0)=—7[36 | y'=—3y, y(0)=-

3.7 "=2y, y(0)=5 3.8 y'=-3y, y(0)=1]3.9 , 1
y'=2y, ¥(0) ) V=2 Y y(0)=-1
310 | |, 1 3.11 3.12 | y'=3y, y(-1)=-2
y'=3 Y y(0)=4 y’ =—y y(0)=4 =8y -1
3.13 | y'=y, y(1)=2 314 |y'=—y, y(-1)=2 [315] y'=—vy, y(1)=-2
3.16 y' =3y, y(_]_):2 317 |y =-y, y(l) 213.18 y'=—vy, y(_]_):_z
319 |y =—vy,y(3)=-2 320 |y’ =y, y(In3)=4 [3.21| y' =y, y(1)=-2
322 |y'=k-y, y(0)=y,|323 | ¥'=k-y, 324 y' =y,
{x,)= 24 y(=3)=2
325 |y'=—vy, y(ln2)=-1326 | , 1 3.27 | y' =—4y,
y'==y. y(in2) y'=¥, y(0)=4 NI
y)=2-¢"
3.28 | y'=-2y, 3.29 |y'=2y, y(-In2)=13.30| y' =5y,
y(l): 2.7 y(— 1): 2-¢”
Task 4. Find the solution of the Cauchy problem.
No Task No Task
41 |y =xy? y(0)=1 42 |y =(x-3)y? y(0)=-1
43 |y =(x+1)y? y(0)=0 44 |y =(2x-3)y* y[1)=2
45 | (2-x)y =y, y(-1)=2 46 | (x+2)y =Yy?, y(1)=—
47 |y =1-xy?% y(-1)=-4 48 | (2x+1)y =—y? y(0)=1
49 | (x+5)y =—y2 y(0)=-2 410 | y'=—4xy? y(2)=5
411 | y' =—3xy?, y(2)= -3 412 | (x+5)y' =—vy% y(-1)=4
413 | y' =2x(1+y?), y(0)=3 414 | y'(x+1) =—3y?, y(0)=-1
415 | y =0, y(0)=2 416 | y'=—y°, y(0)=
, . 3X
417 | Y =%, y(1)=1 418 | V'= 5 y(0)=-1
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419 | Y =1+y?% y(0)=1 420 | y' =4+, y(1)=7
421 | y'=y% -1, y(0)=1 422 | x?y' =y* -1, y(1)=
4.23 =y? -1, y(2)= - 424 | y'=1-y?, y(0)=—
2
425 | Y :1—y ’ Y(0)= 4.26 y'=1_xzz’ y(0) =1
_ . X
az7 | V=G0V Y(0)=1 | o0y =, VO=-2
, 3X , 3
429 | Y = yz, y(0) =1 430 | Y(x+D)=—2 y(0)=1
4—y 4-y
Task 5. Find the solution of the Cauchy problem.
No Task No Task
5.1 y’—¥—x3, y(1)=0 5.2 =X, y(4)=
' y _ 1 _ ! y_ —
53 1Y =L =ay y(1)=1 54 |y +2=x y(-1)=1
5.5 y’+¥:\/§, y(4)=-1 5.6 y’+¥=ex, y(1)=0
5.7 '+X_ > y(l):O 5.8 y'—2xy=ex , X, y(O)Z—l
X 1+x
5.9 | y-2xy=e", y(-1)=2 510 | y'+2xy=e ", y(1)=2
5.11 | y'+2xy=x, y(0)=1 5.12 | y' +2xy=2x, y(0)=-2
5.13 y'+¥:cosx, y(7)=0 5.14 y'—¥:ln x, y(e)=1
2 2
5.15 y'—7y:x, y(1)=1 5.16 y’—7y=1, y(2)= 2
2 2
5.17 y’—7y=3 X, y(8)=-1 5.18 X, y(4)=
2 2
5.19 '+—y=C°S2 %, y(zj=0 5.20 | y'—2xy ==X, y(0)=-
X X 2
521 | y' -2 =3, y(8)=1 5.22 y’—%—xzex, y(1)=1
523 | V' - 2xy=x y(0)=1 5.24 | y'—2xy = x2e*, y(1)=2
505 | Y +2xy=xe"", y(0)=2 526 |y - =— L y(1)=1
X
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' =sin 2x, y(0)=-1
5 27 y’ — ycosx =sin 2x, y(0) 528 y’—4xy:—4x3, y(O):——
5.29 y’+X:3x, y(1)=1 5.30 y’+X:sin X, y(yz)_i
X X T
Task 6. Find the general solution of the Bernoulli equation.
Ne Task Ne Task Ne Task
' ' 3 ’ 2
Sl yey=x? %% Jy'r2y=xy (%% |y —y=xy
My ry=xly %y -y=xfy |90 ]y -2y=x7
6.7 y’+y=x2y2 6.8 y'+2y:x2y2 6.9 y'—y=x2y2
6.13 , 1 6.14 '+ 2y = 2xy?2 6.15 , 1
Y=gy =x yrey=ey y'=2y=2%"
6.16 1 6.17 .2 6.18 1
y-|-—y:y2 y——y:y’z y_;y_y
X X
6.19 y,+gy: y2 6.20 y’+3y: Xy2 6.21 y’_3yzxy3
X
6.22 y' +2y = y2ex 6.23 y'+2y = yze‘zx 6.24 y’+3y=§
y
6.25 y’+2y: y2e—5X 6.26 y,+4y=21 6.27 y’_2y: yze_
y
6.28 , 2 6.29 , 1 6.30
y'+-y=2y° Y= y=x" yray=w
X 4
Task 7. Find the general integral of the differential equation in total
differentials.
Ne Task
71 | 3x%eYdx + (x:*’ey —1)dy =0
7.2 (3X +— 2 cosz—]d —gcosz—dy—O
y y y y
7.3 3x +4y )dx+(8xy+ey)dy:0
7.4 (2x—1——jdx (Zy—ljdyzo
75 y2 + ysec x)dx +(2xy +tgx)dy =0
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7.6 3x y+2y+3)dx+(x3+2x+3y2)dy=0

7.7 1 dX+ +——— dy=0
| m m
7.8 lsin 2x — 2 cos(x +y)]dx — 2cos(x + y)dy =0
7.9 (y +x/y )dx+(x y—x2/2y )dy 0
7.10 [i jdx— dy=0

X X
7.11 lz os Y dx— (1cosi+2dey:0

X X X X

Xy +1

7.12 lzdx— y dy=0

X X

1+ X 1-x
7.13 Xzde+ 2y dy=0

Xy
dx  x+y?
714 | -2 dy=o0
y y
7.15 L+y dx + x++ dy=0
' /X2 +y2 /X2 +y2
7.16 xe* +l2jdx—idy:0
X X
7.17 1Oxy—_ijdx+(5x2 + xcozsy —yZsin ySde—O
siny sin“y
7.18 > y e |dx - 5x2+X_COZSy—y25iny3 dy=0
X< +y sin®y

7.19 eydx+(cosy+ xey)dyzo

7.20 (y3 +COS x)dx+(3xy2 +ey)dy=0

7.21 xeyzdx+(x2yey2 +tg2y}jy:0

7.22 (5xy2 —x3)dx+(5x2y— y)dy:O

7.23 [cos(x + y2)+ sin dex + 2ycos(x + yz)dy =0

7.24 (xz —4xy—2y2)dx+(y2 —4xy—2x2)dy:0

. : 1 1
7.25 (S|ny+ysmx+—jdx+(xcosy—cosx+—jdy:0
X y
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7.26 1+le"’yjdx+ 1- X XY ldy=0

y y

1 X
7.27 1+=e jdx+(1——2ey]dy=0

y y
7.28 2(3xy2 +2x3)dx+3(2x2y+ yz)dy:O
7.29 (3x3 +6x2y+3xy2)dx+(2x3 +3x2y)dy:0
730 | xydx + y(x2 + yz)dy =0

Task 8. Find the general solution of a differential equation.

Ne Task Ne Task Ne Task
8.1 y" =sin 2x 8.2 Y= 2" 8.3 y" = xe*
8.4 1 8.5 y 1 8.6 y" =Cc0S7x
yn - y' = 5
W 1+ X
87 y” — Xe_x 88 3 X2 _1 89 y” :COS2 X
y!! —
X
8.10 | y"=sin?2x g11| 1 812 | , X
y'=— y'=
1+ X (x+1)°
8.13 , ( X _X)Z 8.14 _X 8.15 _X
y =|e” +e yn:l_e 2 "_1-¢ 2
8.16 . 8.17 1 8.18 2
y”zsmz_cosz y”: 5 y”:\/;(l— X)
2 2 COS” X
8.19 | y"=sinx-cosx 820 | 1 8.21 ) 1
= y'=-
sin® x 1+ x*
8.22 1 8.23 y" = cos? x | 824 , 1
cos? 2x C2x+1
8.25 y 1 8.26 | y"=2*% 8.27 | y"=-sin4x
y =X- 3
8.28 y" = (2 + X)S 8.29 y" =sin X - cos? x|8.30 | y"=3e*
Task 9. Find the general solution of a differential equation.
Ne Equation Ne Equation Ne Equation
91 y”x]nx — y! 92 .Xj/” +yl — 1 93 zx:y” — yl
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9.4 x)'+y =x+1 9.5 Cz/gx_ ,:_Si% 9.6 x.y,,_y,:_%
9.7 | y'etg2x+2y'=0 |98 | ¥y iy =1 |99 |1gx-)y"=2)
9.10 | y'eth2x =2y’ 9.11| ¥y 4 ¥’y =1 |912| x"+2) =0
9.13 | (l+xh/+20/=x"  |914| P¥ypryxty =1 |915| 2y 4 xy =1
916 | "+ +x=0 9.17 | y'thx=)y/ 9.18 | xp"+ ' =+/x
9.19 | y'tgx=y'+1 9.20 | y"tgSx =5)' 9.21 | y'thix=T7)y'
9.22 | ¥3yp" 4 x2y =+/x 9.23 | (+xh"+y' =x+1 | 9.24 | (I+sinx)y" =cosx-y’
9.25 T 9.26 S 2 927, 2x

X-y +y=ﬁ —X-y +2y—x—2 y+x2+1y:2x
9.28 | x*. "1 x’y =4 |9.29 L)y +2xy'=12 |9.30 | cthx-y"+y' =chx

Task 10. Find the solution of the Cauchy problem of homogeneous linear
differential equations with constant coefficients.

Ne Task Ne Task
y"-2y'-3y =0, y'+2y' =3y =0,
10.1 , 10.2 ,
y(0)=0, y'(0)= y(0)=1, y'(0)=
y" -6y’ +13y =0, y"+6y’+13y =0,
10.3 , 10.4 ,
y(0)=1, y'(0)=-1 y(0)=-1y'(0)=
y"+6y’ +10y =0, y"-6y'+10y =0,
105 | y(o)=0, y(0)=-1 20 1y0)=-1y(0)=1
y"+9y =0, y'=2y'+y =0,
10.7 10.8
Y0)=-1 y(0)=2 ¥(0)=1 y'(0)=-1
y"+y =0, y"—6y'+8y =0,
10.9 10.10
y'(0)=0, y(0)=1 y(0)=2, y'(0)=1
y'+6y’ +8y=0 y'—4y'+4y =0,
10.11 10.12 :
y(0)=-1 y'(0)="2 y(0)=1 y(0)=1
y'+4y' +4y =0, y'+4y' +5y =0,
10.13 10.14
y(0)=-2, y'(0)=0 V(O) 0, y'(0)=1
y"+4y'+8y =0, y"—4y'+5y =0,
10.15 10.16
y(0)=0, y(0)=1 y(0)=1 y'(0)=0
y"—4y'+8y =0, y'+6y’+9y =0,
10.17 , 10.18 '
y(0)=0, y'(0)= y(0)=1, y'(0)=-1
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y" -y =0,y(0)=0, y"+2y'+10y =0,
10.19 10.20 ,
y'(0)=0, y"(0)=2 y(0)=0, y'(0)=-1
y"—2y"+10y = 0, y"+2y' -8y =0,
10.21 , 10.22 ,
y(0)=1, y'(0)=1 y(0)=1, y'(0)=2
y"—6y’ ' +9y =0, y" +10y’' + 26y =0,
y"—10y’+ 26y =0, y" +18y +32=0,
10.25 , 10.26 ,
y(0)=1, y'(0)=0 y(0)=—1, y'(0)=2
y" -4y +13y =0, y" +10y’ + 26y =0,
10.27 , 10.28 ,
y(0)=1, y'(0)=1 y(0)=2, y'(0)=1
y"+4y' -5y =0, y"—6y' + 25y =0,
10.29 , 10.30 ,
y(0)=1, y'(0)=2 y(0)=2, y'(0)=1

Task 11. Find the general solution of the differential equation.

Ne Task No Task
111 | y"+2y' —-8y=x?+1 112 | V' -3y'=x-2

113 | y" -2y +y="5¢e* 114 | y"+2y' -8y =xe**
115 | y"—2y' —8y=7e* 116 | y"—2y -8y =—e
117 | y"+2y' =x%+2 118 | y"+2y' +y=—e"
119 | y"—6y +5y=2x%-5 11.10 | y"+ 6y +5y=x°> -3
11.11 | y" -6y’ +8y =2xe” 11.12 | y"+ 6y’ +8y =5
11.13 | y"+ 6y’ +8y =xe >* 11.14 | Y"+y=5cosx
11.15 | y"+y =—sin X 11.16 | y"+ Yy =cosXx —sin x
1117 |y =y =x+x? = x° 11.18 | y"+y'=—xe*
1119 | y"—y' =(1-x)e* 1120 | y"+y' =(5-x)*
11.21 | y"—4y' + 4y = —2e%* 1122 | y"—4y' +4y=xe™*
11.23 | y"—4y'+8y = (1+2x)e* 11.24 | y"+4y' +8y =5—x2
1125 | y"+y' +y=(x+2)* 11.26 | y" -5y +6y =—6x> +2X+5
11.27 | Y -13y'+12=x-1 1128 | y"—y'=5x* -1
11.29 | y"+y'— 6y = (20x + 14 )" 11.30 | Y -2y +y=2x{1-x)
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Task 12. Solve a system of differential equations by the elimination method.

Ne Task Ne Task Ne Task
12.1 yl’ _ 2y, +3y,, 12.2 < yl’ =y, +2Y,, 12.3 yl' =3y, +2,,
y2’ =2y, -3y, y2' =Y, —2Y, Y2' =3Y1 -2,
124 yll = =3y, +4y,, 12:5 rYll =—4y; +3Y>, 126 Y1’ =—2y1+ Y2,
\y; =3y -4y, Y2, =4y, -3y, y2, =2y, -,
27 1y =5y vy, | 128 ]y =2y vay,, [ 129 | [y =y 44y,
Y2, =3Y; —Y» \yZ, =2y, -4y, Y2, =y1 -4y,
210 | [y, = 2y, 45y, |21L] [y gy, 45y, | 212 4 =y +5y,.
y2' =2y, —5Y, yz’ =3y, - 5Y, Yz, =Y1 =5
12.13 (yl' =5y, +2V,, 12.14 yll = 5y, +4y,, 12.15 yl' =5y, +3y,,
Y2 =5y -2, v, =5y, 4y, Y2 =5y, -3,
1216 | [, RETIE 1217 | y1"= 4y, 15y, | 1218 yl"=—2y1 Ty,
Y2,=%y1—7Y2 y, =4y; —5Y, Yo =2y, = 7Y,
239 [ [y ay vy, | 22 [y oy ery,, |22 ][, +gy2,
Y2’:4Y1—Y2 Y2’ZY1_7Y2 yz’:yl_gyz
12.22 'yl' . g Vo, 12.23 yl' _ sy, +%y2’ 12.24 ryl', =Ty, + Yy,
: 5 ' 1 Y2 =7Y1—- Y
Y2 ZY1—§Y2 Y2 :53’1—5)/2
12.25 yl' — 04y, +2y,, 12.26 (yl’ = 0,2y, — Vs, 12.27 yl’ = 21y, +Ys,
¥, =04y, -2, Y2 =-0,2y, + ¥, Y, =21y, -y
12.28 Y1, =—4,5y; —0,5y,, 12.29 Y1, =038y, -0,2y,, 12:30 y1’ =321 +¥a,
Y, =45y, +05Y, Y, =08y, +02y, V2 =-3.2Y1- Y,
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Task 13. Solve the inhomogeneous differential equation by the method of

variation of arbitrary constants.

Ne Task
131 | y"+ 7%y =7x?/cosnx,y(0)=3,y'(0)=
132 | y"+3y =9 /[L+e% ) y(0)=1In4,y'(0)=31-In2)
13.3 | y"+4y =8ctg2x, y(%) =5, y’(%j =4
134 | y'—6y'+8y=4/(1+e ) y(0)=1+2In2,y'(0)=6In2
135 | y"—9y'+18y = 9e** /(1+ e_3x) y(0)=0,y'(0)=0
136 | y"+7z°y=n%Isinax,y(1/2)=1,y'1/ 2) 7?12
1 1

137 | Y'+ = ,y(0)=2,y'(0)=0

4 7z2y 7Z'2COS(X/7Z') y( ) v (0)

ge—3X
138 | y" -3y = =1 y(0)=4In4,y'(0)=3(3In4-1)
+e
139 | y'+y=4ctgx, y(z/2)=4,y'(x/2)=
1310 | y"—6Yy'+8y =4/(2+e 2} y(0)=1+3In3,y'(0)=10In3
1311 | y"+6y+8y =4e /(2 +e* ) y(0)=0,y'(0)=
1312 | Y"+9y=9/sin3x,y(7/6)=4,y'(7/6)=37/2
13.13 | y"+9y =9/cos3x,y(0)=1,y'(0)=0
1314 | y"—y =e7* /(2 +e ) y(0)=1In27,y'(0)=In9-1
13.15 | Y+ 4y =4ctg2x,y(z/4)=3,y'(n/4)=
13.16 | y' =3y +2y= 3% y(0)=1+8In2,y'(0)=14In2
+e

1317 | y"—6y'+8y = 46> /{l+e72* ) y(0)=0, y(0) =
13.18 | y"+16y=16/sin 4x,y(z/8)=3,y' (7 /8)=
13.19 | y"+16y =16/cos4x,y(0)=3,y'(0)=0
1320 | y"—2y' =4e ¥ /(l+ e ) y(0)=1In4,y'(0)=In4-2
1321 | y" +% = %ctg(x/ 2),y(z)=2,y(z)=1/2
1322 | y"—3y'+2y =1/(2+e‘x), y(0)=1+3In3,y'(0)=5In3
1323 | y"+3y' +2y =g /(2+ex), y(0)=0,y'(0)=0
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13.24

y'+4y=4/sin2x,y(z/4)=2,y'(z14)=7n

13.25

y"+4y =4/cos2x,y(0)=2, y(O):O

13.26

y”+y'=eX/(2+eX) y(0)=1n27,y'(0)=1—-1n9

13.27

y'+y=2ctgx, y(z/2)=1,y(n/2)=2

13.28

y'—3y'+2y =1/{l+e )yo) 1+2In2,y'(0)=3In2

13.29

y' -3y’ +2y=e /(1+e X) )=0,y'(0)=0

13.30

y”+y:1/SinX, y(;z-j 1 y(7Z'/2) wl2

Task 14. Find the general solution of the differential equation.

No Task No Task

141 | y"+3y"+2y' =1-x> 142 | y"—y'=6x> +3x

143 | Y-y =x"+X 144 | y"V +3y"+3y"—y'=2x
145 | y"V —y"=5(x +2)? 146 | y"Y —2y"+y"=2x(1-x)
147 | yV +2y"+y"=x% +x-1 148 |y —y"Y =2x+3

149 |3y +y"=6x-1 14.10 | y" +2y" +y"=4x®

1411 | y"+y"=5x" -1 1412 | yV +4y" +4y" =x—x?
14.13 | 7y" —y" =12x 14.14 | y" +3y" +2y' =3x? + 2x
14.15 | y" -y’ =3x* - 2x+1 1416 | y" —y"=4x% —3x + 2
1417 | y" -3y"+3y"—y'=x-3 [1418| y"V +2y"+ y"=12x? - 6x
14.19 | y" —4y" =32 —384x? 1420 | yV 42y 4+ y"=2-3x2
14.21 | y"+y" =49 - 24x° 14.22 y'"—2y":3x2 +X—4
1423 | V" —13y"+12y"'=x~-1 1424 | yV 4 y"=x

14.25 | V" —y"=6x+5 14.26 | y" +3y"+2y'=x2 +2x+5
1427 | y" —5y" + 6y’ =(x —1) 1428 | y" —6y"+9y"=3x-1
14.29 | y" —13y" +12y'=18x%> -39 | 14.30| y"V +y"=12x+6
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2.3 Solution of an exemplary embodiment

Table 1 - The main types of the 1st order differential equations

Ne|  Type of Form of the equation Solution Method Remark
equation
1 | With . 1
selarable » MRy a) multiply by
D +M, ()N, (y)dy =0, M, (N, (¥)
variables b) y' = £ (x)a(y) d
y =109y b) = £ (x)dx
g(y)
2 | Linear y'+p(x)-y=g(x), (*) Bernoulli method. a) In solving
Substitution y =u-v, where | the equation
1) u=u(x), v=Vv(x), V'+p(x)-v=0,
2) y =uv+u. constant C is
[ poos considered
u(x)=e ; equal to 0.
Solution
v(x) = J.@dx +C
u(x)
3 | Bernoulli V' +p(X)-y=9(x)-y", a) Bernoulli method. When n=0
equation (n=0;n=1) Substitution y =u-v, as for | we have a
linear equations (*) linear
b) Substitution z = y* " equation
reduces to linear equation (2) :/r\]/hen ) t_:l i
with respect to the new € equation 1S
function z. reducgd 0 an
equation with
separated
variables (1)
4 | Equationin | P(x,y)dx+Q(x.y)dy =0, Solution u(x,y) =C, where Check
total oP  8Q X _au
differentials | Where EY = u(x,y) = fP(x, Yo )dX + du &dx *
% ou
y + 5 dy =
+ | Q(x, y)d
y'[ (. y)dy =P(x, y)dx +
+Q(x, y)dy
c? - x?
Task 1. Check whether the function y= 5 Is the solution of the
X

differential equation X+Yy+X-y =0.
Solution: to perform the task, we need a derivative of this function:

o [c?=x? c? 1
y = = —
2X 2 X

Substitute y and y’ into the equation:




2 2 2 2 2
x+C X i x. et =0; x+C——5—C——§:O = 0=0.
2X 2 2x 2

Answer: the specified function is a solution to the given equation.

Task 2. Find the general solution (general integral) of a differential equation.
ﬂ _ X3y3
dx '

Solution: separate the variables in the equation with separable variables and
integrate:

a_ x°y® = dy=x’y’dx
dx

dy =x3y3dx /:y® :>d—)3/ = x3dx
y

Thus, — 2—2 = 7 + C is the general integral of the equation.
y

Task 3. Find the solution of the Cauchy problem y’'=6y; y(0)=5 and
construct the corresponding integral curve.

Solution: separate the variables in the equation and integrate:

y' =6y = %:6y = dy =6ydx;
X

W _ gax j% =[6dx; In|y|=6x +¢; |y]=e®*".
y y

We use the initial conditions:
‘5‘296-O+C; 5:eC; C = ln5, y = e6x+ln5; y:e6x_eln5;

y = 5e%* —is a partial solution satisfying initial conditions.

Solution of the Cauchy problem: y = 5e°~,
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Task 4. Find a solution of the Cauchy problem: y'=-5y?, y(0)=

ol

Solution:
y'=—5y2;3—z=—5y2;dy=—5y2dx is the equation with separable
variables.

. dy dy 1 )
Divide by y-: V2 J 2 I y Ex 1 C Is the general

solution. Let us find a particular solution satisfying the initial conditions:
) 1 1 1

5 5 5.0+c

Note. Dividing the equation by y? the solution y =0 could be lost. By using

direct substitution into the initial equation, we make sure that Yy =0 satisfies this

equation. In addition, Y =0 is a special solution, since it is not contained in the
general solution.

Answer: y =

,y=0
5x+5y

Task 5. Find a solution of the Cauchy problem: y'—4xy = xe*X  y(0)=1:
a) Bernoulli method (substitution y=u-v);

b) the method of variation of arbitrary constants; (the student chooses the
solution by himself).

Solution: this equation is a linear inhomogeneous equation.

a) in the Bernoulli method we use the substitution y=u-v (where u = u(x),

v = v(x) are new unknown functions) = Y’ =U'V+UV'. Substitute in the original
equation:

2 2
U'V+UV —4xuv =xe* = uv+u(v' —4xv)=xe* .

Choose a function v such that (v’—4xv)=0. This is the equation with

separable variables.
N axv=0 :ﬂ:4xv :ﬂ=4xdx = Injv| = 2x* —v=e>
dx dx Y
Given the selected function v, from the original equation we get:
' x? 1222 X2 du —x2
u'v=xe" = u'e”™ =xe :>E=Xe =

=u :Ixexzdx=%jexzd(x2)=—%eXz +C.

Functions u =u(x) and v =v(x) are found.
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1 —x? x2 1 x2 X2 . .
Consequently, y=(——e +Cj-e2 =—§e +Ce® s the general solution.

2
- - -, = -, 1 O 0 3
Using the initial condition Y(0) =1, we get: —Ee +Ce" =1=C= >
: 1 3,
The solution of the Cauchy problem: y= —Ee 42 5 e’

b) in the method of variation of arbitrary constants: y'—4xy = xe* is linear
inhomogeneous first order equation. Corresponding homogeneous equation:
y'—4xy=0. It is an equation with separable variables.

dy dy dy dy
—4 0=-—>=4 = 4xdx — = | 4xdx
ax Xy=U=—= ax XY => — y I y J. j—

In|y|=2x? +In|C| = y =Ce®" is a general solution of a linear homogeneous

equation.
We are looking for a solution to the inhomogeneous equation in the form:

y =C(x)e>, where C(X) is an unknown function. Substitute y = C(x)e** and
y'=C'(x)e> +C(x)-4xe* in the original equation:

C'(x)e? +C(x)-4xe® —4x-C(x)e? =xe¥ = C'(x)e™ =xe* =

C'(x)=xe™ = C(X) :j'xe‘xzdx=%Ie‘xzd(xz)z—%e‘x2 +C.

x> 1 —x2 x2 1 x2 X2 . .
So, y=C(x)e’ :[_Ee +C)-€2 =-5¢€ +Ce” s the general solution

of the original equation. Using the initial condition Y(0) =1, we get:

1o 0 3 1 e, 3 o0
——e +Ce"=1=C=— =——e" +—8e
2 LT rYETRE T

1

Task 6. Find the general solution of the Bernoulli equation y’'+ Yy = Xy?2.
1

Solution: y'+ y=xy5 is the Bernoulli equation, where n=1/2. Perform a

1 1
1-= =
substitution z=y'" =y 2=y2. y=2z% y'=2z-7'(see Table 2). Substitute

this into the original equation:

2 2 . ' . . .
22-7'+1° =X-17; 1 +E'Z=E°X isa linear equation.
Substitution: z=uv; z' =u'v+uv’;
1 1 1 dv dx _ X
uv+uv'+=uv==x;v'+=v=0;: Inv+——0v e 2,
2 2 2 Vv 2 2
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du == .e?dx: u=j§-e2dx=xe2—2e2+c.
2 2

_X X X _X
So, z=u-v=e 2 -[xe2 —2e2 +c]:x+ce 2 2.
x)
The solution of the Cauchy problem: y:zz, I.e. y:[x+ce 2 —2] :

Task 7. Find the general integral of the differential equation in total
differentials

(x + y—1)dx+(ey + x)dy =0.

Solution:
aQ dP 9Q _ 0P
—_— — y — — —_— o —
Py)=x+y+1 Qxy)=e’+x z:=1 F=1=53=5
therefore, the total differential condition for function u is satisfied:

du=(x+y- 1dx+( +1)dy

We find an unknown function u by the formula:
X y
u=[P(x y)dx+ [Q(x;y)dy
Xo Yo

We take x, =0, y,=0:

y X2
:?+xy—x+ey—1

X

e’
0

X 2
u=[(x=y- ldx+jeydy [5 + Xy — xj
0

0

As du =0, then u=C is the general integral of the differential equation.
2

X
General solution: 2 +Xxy—-x+e’ -1=C,
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Table 2 - Higher order differential equations, allowing lowering the order

Ne| Formula of the Explanations Estimated Replacement
equation (manual)

1] y® = f(x) The derivative of an unknown | Integrate n times
function is explicitly
expressed through a function
depending on X.

2 |F(y, y,y") =0 | Thereis no independent y'(x) = u(y),
variable in the equation. x. y'(x) =u @u'(y)

3|F(x, y, ¥y =0 | Thereisnounknown function y ()= u(x),
y(X) in the equation. y (x)=u'( x)

4 | F(x,y®,y&+1) | The equation has no unknown y®(x) = ux),

..,y@*tk)y = o | function and derivativesup to | yy(k+1) () = /'(x), ...,

the (k — 1) order. YO (x) = ™ (x)

Task 8. Find the general solution of a differential equation y” = sin 2xcos2x.

Solution:
y” =sin 2xcos2x is the second-order equation of the form y”= f(x). We

lower the order by double integration:

b 1;. 1 ,
y:jsm2x0052xdx:Ejsm4xdx: 8COS4X+C1,

;L 1 1 1
y —J(—gcos4x+cljdx——gjcos4xdx+.[cldx_—§sm 4x+C,x+C,.

1 . ) .
Answer; Yy = —Esm 4x+C,x+C, is the general solution.

Task 9. Find the general solution of a differential equation
(1+ x? )y” —2xy'=0.

Solution:

(1+ xz)y"—2xy’=0 is the second order equation with explicitly missing
function y (Table 2). In this case, we apply the replacement: Y'=p. Then

dp

The equation has the form: (1+ Xz)p'—ZXp:O, (1+ xz)dp—2xpdx:0 is the
equation with separable variables. Let's divide both parts by p(1+ xz), we get:
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%_ 2xdx d_p: d(l+x2)
p 1+x2 P 14X
dy

d
Since p=d—i, then &=C1(1+X2) is the equation with separable

. In[p|=In(L+x?)+InC,|, p=C,{L+x?).

3
variables,  dy = C1(1+ X’ )dx, y= _[Cl(1+ xz)dx, y= Cl(x + %) +C; isthe

general solution.
Note - in the process of dividing by p(1+ xz) we could lose the solutions

P=0 and 1+x?=0. The first gives: y'=0=y=C, but this solution is in the

general solution when C, =0. The second equality 1+ x>=0 is impossible for
real x.

Task 10. Find the general solution of a homogeneous linear differential
equation with constant coefficients.

a) y"'—11y'+10y =0;

b) solve the Cauchy problem: 9y"+6y'+y=0, y(0)=1 y'(0) =2;

c) y'+2y'+10y =0.

Linear homogeneous differential equation of the second order with constant
coefficients has the form: y”"+ py’'+qy =0.

Its characteristic equation: k2 +pk +q =0, where D = p? —4q is its
discriminant. Then the structure of the general solution of a linear homogeneous
differential equation with constant coefficients depends on the type of roots of the

corresponding characteristic equation (table 3).

Table 3 - The structure of the general solution of a linear homogeneous
differential equation with constant coefficients

D Roots of the | Fundamental The general solution of a
characteristic system of homogeneous linear high order
equation solutions differential equation with

k2 +pk+q=0 constant coefficients
Yo = C1y1 + (o),

D>0 —p — VD Yy = ekix,

=T = Yon = Cre"* + Cyeks®
—p++VD
=T
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D=0 ki =k, =u y1 = e, Ygn = Cre"* + Cyxet”*
__P v, = xet*
)
D<0 ki,=atip y, = e*cospx, Vgn = Cre“cosPx
—p JID| | Y2 = e™sinfx + C,e*sinfx
=P
Solution:

a) y'—11y' +10y=0— k*-11k+10=0 is the characteristic equation,

k, =1
{k 1_10 — different real roots of the characteristic equation.
, =

Therefore, the general solutionis Ygn = C,e™ +C,e™.
b) 9y"+6y'+y=0, y(0)=1 y'(0) =2 —

1
the characteristic equation 9k*+6k+1=0 has equal roots K, =k, =y so the

1 1
general solution is Yy, =Ce ® +C,xe °.
To use the second initial condition we differentiate the general solution:
1 —Ex _Ex 1 —lx
"'=—ZCe?® +Ce3® —=C,xe 3.
y 31 2 32
Next, we use the initial conditions:
1=Ce’+C,-0-€°, -
=C =1 C,=—.
20— _Llceticed-1c.0.¢° ' 273
3 3

A particular solution of the Cauchy problem has the form:
1 1

—X 7 ——X

=e % +—xe?’.
Yps. 3
c) for differential equation y"+2y'+10y=0 the characteristic equation

k% +2k +10 =0 has complex roots in the form: k,, =-1£3i = a=-1, f=3.
Consequently, Yy = e *(C, cos3x+C,sin3x) is the general solution.

Task 11. Find the general solution of the differential equation
y'—2y' +2y=6e*.

Solution: this is a second-order linear inhomogeneous differential equation
with constant coefficients: y”+ py’+qy = f(x), where the right-hand side has

the form:
f(x) = e*[P, (x)cosbx + Q,(x)sinbx].
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The structure of the general solution of this equation:
Y =Ygh T Vpis

consists of 1y, ,— the general solution of the corresponding homogeneous
equation and the particular solution

Vi = x"e® (P, (x)cosbx + Qi (x)sinbx),

where r is the number of numbers a + bi among the roots of the characteristic
equation, k = max{m, n}.

Algorithm for finding a general solution.

First we find yg,: k? -2k +2=0— characteristic equation of the

corresponding homogeneous equation, k;, =1+i— the roots of this equation,

consequently, y, , = €*(C,cosx+C,sin x).

Next, we find y,,, using the method of indefinite coefficients by the form of

the right-hand side f(x) of the inhomogeneous equation.
Since f(x)=ae™ =6e"(a=6, m=2) and m=2 is not the root of the
characteristic equation, then, in accordance to theory, we will look for a particular

solution in the form y,; =Ae*. To find the unknown coefficient A, we substitute

Ypi. = A",y = 2Re yp = 4 A

into the original equation:
AAe%* —2.2Ae? +2Ae%* =6, 2Ae?* =6e?X,
2A=6, A=3.

Consequently,
Vpi = 37 Y= eX(C1 cosx+C, sin x)+ 3e” s the general solution.

Answer: y =e*(C, cos x + C, sin x)+ 3e?*.
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Task 12. Solve a system of differential equations by the elimination method:

{y{ =-9y, +4y,
Y, =9y, -4y, |

Solution: let's differentiate with respect to x the first equation from the
system: y/=-9y, +4y.. To eliminate Y, let's summarize the lines in the given
system: y,+y, =0 = y, =-y,.

Consequently, y;=-9y; +4(-y;); ys/+13y; =0 is linear homogeneous
differential equation with constant coefficients.

k?+13k=0 = k =0; k, =-13.
Then Yy, =Ce” +C,e™ =C,+C,e™.

As y; = -13C,e ™, then we find from the first equation Y, :

4y2 ) yl’ " 9y1 - y2 - %(_ 13C28713X + 9 ' (Cl + C2e713X )): %Cl - Czeilgx.

y,=C + Cze_lsx

Answer: y, = % C, —Ce™

3 Calculation-graphical work Ne3. Series

Purpose: master the fundamental concepts and methods of the theory of
series. Get skills to apply signs of convergence in the study of series.

3.1 Theoretical questions

1 Numerical series. Convergence and sum of a series. A necessary condition
for the convergence of the series.

2 Comparison test.

3 D'Alembert's test. The radical Cauchy criterion. The integral Cauchy test.

4 Alternating series. Leibniz theorem. Estimate of the remaining tail of the
series.

5 Alternating series. Absolutely and conditionally convergent series.

6 Functional series. Domain of convergence.

7 Power series. Abel's theorem. Interval and radius of convergence of power
series.

8 Taylor Series. Expansion in powers of x the following functions ¢*, sinx,
cosx, In(1+ x), (1+ x)™.
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9 Fourier series. Fourier coefficients.

3.2 Calculated tasks

Task 1. For series Zun :

a) make a general term formula U, and write the first five terms;

b) write the n-th partial sum S, of the series;

c) write the remaining tail 1, of the series;

d) check the necessary condition for convergence of the series.

1.1 * 1 1.2 d 1 1.3 X 1
nzzi‘(n+1)-3n nz_llln(n+2) Z‘m
1.4 z.2n+1 15 2 1 1.6 > 1
nz_;‘ 7" nzzll(n +1)! nzzl“(Zn—l)3
1.7 i 3 1.8 © on 1.9 © N A"
nzi‘ln(n +1) S5 le 10"
1.10 X 1 1.11 i 1 1.12 . n
nZ:;‘(C-}n+1)2 §3n3+1 ;m
1.13 © 1 1.14 2 1 1.15 . n
nzzll(n +1)(n+2) é(zn +1)-(3n+3) ~n+1
1.16 2, 2n 1.17 © n 1.18 © gn
nz_lln—+5 ;(3n +1) 30
1.19 i 6 1.20 > 1 1.21
2 Gn 1) L7 e
1.22 1.23 i 1 1.24 ©
Z%/(n+2 nz;‘(Sn +1) nz;‘(Zn—?,)-G”
1.25 1.26 © 1 1.27 2
Z,/(2n+1 3" ;In(2n+1) nzllln (n+1)
1.28 i 1.29 © 1 1.30 s
nzi‘ (n®> +2n-1) nz_;‘ (2n-1)° ; (2n +1)
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- 1
Task 2. Compare with Dirichlet series Zn—p
n=1

investigate the convergence of the series.

, L.e. find the parameter p, and

2.1 i 1 2.2 i 1 2.3 i 3

5 (n*+2n-1) = (2n-1)° = (2n+1)°
2.4 i 6 2.5 i 1 2.6 i 1

n:1(5n+1) n=1\/3-|-l']3 n=1 (3n3+1)
2.7 il 1 2.8 © 1 2.9 © 1

nz_;a n+2) ;(5n+1)5 nzzll(zn—3)-(6n—2)
210 | & 2.11 © 1 2.12 > 1

nz 3n +1) nZl:Bn3 +1 nz (2n+1)(3n+3)
2.13 i 2.14 i n 2.15 o n 2

n:“/(n 1)(n+2) 1 vnN+5 ;[2”24‘1)
2.16 g 0 217 | = [ 1 218 | & n

5

n_1(3n+1) ; 3n® +1 1 vn*+5
2.19 i 2.20 2‘0: 2n+1 2.21 i n°

~3/n- 1(n2+2) ~ (3n+3) ~n+1
222 | = Jn 2.23 e 2.24 i n

4

;(3n+1)2 Z;' 3n +1 = (2n+1)
2.25 i n 2.26 izn +1 2.27 i n®

“~(3n-1)(4n? + 2) i (6n +3) = (n+1)°
228 | = /n 2.29 o n 4 2.30 o n

~n+1 ;(3& +1j nZ:;‘(Zn -1)°

Task 3. Investigate for convergence using the D'Alembert's test.

3.1 & 1 3.2 © 9N 3.3 & 1
Z;(n+l)-3” nzzl(n—l)! HZ:;‘(Zn+1)-5n

3.4 2 2n+1 3.5 21 3.6 i n!
nzzll 7" nzzll(n+1)! nzzl“(Zn—l)3

3.7 . 3n 3.8 2, n! 3.9 = (n—1)2
nz;(n”)! = Z; 10"

3.10 i n 311 | = /2n+1 312 | & (n+10)°
= (n+1)-3" ;(n+2)l Z "
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3.13 iZn+1 3.14 © gl 3.15 °° 2n!
= n nz:;(n—l)' = ,/(2n—-1)
3.16 | & 3n 3.17 (n+3)! 3.18 =, (2n —1)?
zlJz_ Z;‘ 3™t Zl 8"
319 | & 3 3.20 © gnl 3.21 > 1
é(nu) nzzl(n—l)' nz_;‘(6n+1)-7n
322 | & Tn+7 3.23 = g 3.24 2 n!
o 2" ,1Z=1:(n+1)I nzzll(Zn—l)(nH)
325 | & n-1 3.26 n® -5 3.27 =, (2n-1)°
2 (-2 25 2 10
328 | & 3" 3.29 Z n! 3.30 oom
nz_;(nzn) =25 (n-1) Z; 10"

Task 4. Investigate for convergence using the radical Cauchy criterion.

11 (&1 42 | . 43 i(Znﬂ)n
=k le (2n 1) =
44 | ./ 4 V45 | 46 |-/ 4 Y
— t
nz_iln(n+3)j nz_;‘ ang(n+1)] nz_;‘ In(n+3)j
47 | & 3 48 | o 3 1 19 | oy 7
-\ sin —
iz (In(n+2)) nz_; 7n? +3n+4} nz_;‘ nsj
4.10 i(n_"’ljgn 4.11 i ) 4.12 i 3n_2j2n
=\ 4n ~\on+1) 5" ~\ 2n+1
4.13 ® 7" 4.14 o 1" 4.15 % ju 3n
;(8n+14)” nzﬂl arcsm—j nzﬂl tg5—nj
416 | & 3" 417 | 418 | . Y
g(n 2 ng‘ arcsm( D nz_; sin ﬁj
419 i 10" | 4.20 i 2 en_1 4.21 i n_zjm
n=1 (In(n+5)) oy 7n +3n+4 ~ 2n+1
422 | = (n+2)'7" 423 | = 424 | :
Z(?n++1)4)” > arctg j Z(arcsin%ﬂj
n=1 n=1 n=1
425 | = & 426 | . 427 | =/ . Y
nZ:;,(nJrS)sn nz_; arcsm(4n+1D nz_;(sm 5n+1j

53




4.28

© (3n—2 n? 4.29
n=l( n+1 j

0

2.

3

In(2n + 3)

4

2 AN &
n=1

n“+3n-5

i

Task 5. Investigate for convergence using the integral Cauchy test.

51 | & 1 52 | & 1
~ (3n +1)In(3n +1) nzll(n+2)ln2(n+2)

5.3 il 5.4

Zl 5n +1),/|n(5n +1) Z;‘ 5n+1) In 2(5n+1)
55 | & 56 | &

Z:;‘ n+2)|n (n+2) ;(4n+1)\/m
57 | & 58 | &

HZ;‘ 3n+1m Z‘(n+12)ln *(n+12)
59 | & 1 510 | &

%mmm G
511 | & 512 | &

;(n +12)%/In2(n +12) §(5n+5)1“n ?(5n +5)
513 | & 1 5.14

nz_;‘(Sn +1R/In*(5n +1) nz_;'(n+3),/ln “(n+3)
515 | & 1 516 | & 1

nz=1:n-%/ln4(4n) ng‘ 3n+2)w/ln (3n+2)
517 | & 1 518 | &

Z‘(Zn+12)ln3(2n+12) Z;‘n \/m
519 | & 1 520 | &

2 in“(2n < 1) 2 (n+z)m
521 | & 522 | &

YN YT S anen
5.23 5.24

§<n+e>m e E(mwm
5.25 5.26

nz_;j 2n - 3|n(2n 3)

; (n +11)w/In (n+11)
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5.27 i 5.28 i
= (5n+1)1/ln (5n+1) = ( n+5)§/lnin+5}
5.29 Z 5.30 Z
1 (n+12)w/In (n+12) =1 (bn— 3)W/In (5n-3)
Task 6. Investigate alternating series for conditional or absolute convergence.
61 | & () 62 | & (=)™ 63 | & ()
;(3n+1)2 213n3+1 nz:‘\/n+5
6.4 i -1" 6.5 o (—1)”n 6.6 = (-D"n
nz;‘(n—l)(n+2) Z:;(Zn +1)-(3n+3) le 2n+1
6.7 (- 1) 2n 6.8 o ( ) 6.9 o 5
n=1 n +5 ;( n_|_1) é(_) 3"
6.10 | = (1) 6.11 | = (_1)n 6.12 | = (1)
;x/5n+1 nz_;‘ J3r ; (3n+1)
6.13 i (-2 6.14 i (_1)n 6.15 Zoo:(_l)”(nJrg)
=3/(n+2) ~ (Bn+1)° w6
6.16 i (_1)“ 6.17 i (_1)” 6.18 i(_l)“zn
~(n+1) ~ Inn = 5"
6.19 © (_1)” 6.20 © (_1”2“ 6.21 g (_1)”
;7n\/n+5 nz_;‘ (n+1)! rZ:l:(Zn—l)3
6.22 | = (_1)n 6.23 = (-1) 6.24 | = (_1)"
m 2/(2n+1) nz;ln(zn"‘l) nzz; %
6.25 | = (_1)n 6.26 | = (-2)" 6.27 | & (-2)
nzl“ln(n+1) nzzll 5" Z‘ 10"
6.28 i (-2) 6.29 i(_l)"Gn 6.30 i (-1)
= (n*+2n-1) = (n=1! w1 3/(2n+1)°

Task 7. Given power series Zan (X_ Xo )n . Find the radius and interval of

n=1
convergence of the series.
7.1 o 1)" 1.2 - 3n
b t)_ . Z(n—ﬂ) (x=3)"
‘= (In(n+2)) ~\ 4n
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7.3

7.4

2n n
. . T n = 3n2
sin— | (x+1 - | (x=-2)"
; n3j (x+1) nzzll 7n2+3n+4J (x=2)
7.5 3n 7.6 % 2n
a n n 3n-2 o
> MJ (2x-1) > 2n+1) (2x+1)
n=1 n=1
r1 i—7 (x=3)" "8 i arcsininjx”
n=1 (8” +14) n=1 3
7.9 % 3n 7.10 © n
T x—1)" —(x=-1"
711 | = 7.12 n+10
pIRCRETCHE L > 10 gy gy
Nl n=1
7.13 | & 2n +1 7.14 i‘l (x+1)"
n=1 n! n=2 \/ 1
715 | & " 716 | &3n ,,
5—(x+2)n 22— ?
=1 ,/(2n—1) n=1
717 | & (n+3)1x" 7.18
— 4x+1)"
Z;' 3™ Z 3n® +1 ( )
7.19 ignxm 7.20 i on+1 (x5
n=1 (n +1) n=1 (3n + 3)
7.21 i (x—5)" 1.22 i7n+7(2x+1)”
~(6n+1)-7" =i
7.23 5 ey 7.24 s
X+
£ (3n+1)° Z 3n° +1( x=3)"
7.25 Z (n— l)in 7.26 i 2n+1 X"
2" (n% +2) = (3n+3)
727 | = /n 728 [ o/ o Y
— X" 5—2x)"
; 3 ;(Bn?’ +1] ( )
71729 | &« . 7.30 | & 3"(2x—-3)"
Ztg6—n(x+1) Z—( )n
=y = (9n+14)

Task 8. Calculate the sum of a series with precision «=0,001.

8.1

i(—%]x,fx:m,m

p=ll

8.2

w

ﬂ_.
e @=0,001

wad) (?33 + 1}
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8.3 @ w1 1 8.4 e (- 1)"
=0T §1+n3,£}.’= 0,01
85 = n+l 1 _ 86 = EIL _
2 (=0 g, = 000001 E( i @ = b0t
8.7 - a1 1 8.8 “ sin 3"
-1 — 1" =
21 @001 21" e = 0001
8.9 i v 1 8.10 i x 1
-1 L&=001 -1
E( } 1+."23 & é{ :J {H_I_.l)x
811 | &, m 1 812 | &, jan 1
E(—n W,a:_o,om E( 1) e e - &= 0,001
8.13 w " 8.14 i a1
é[—g] a=0,1 é(—ﬂ lﬂ
8.15 © CosATA 8.16 e x 1
—2 T &=0001 )= =000
2 TR B
8.17 ad el 8.17 e wel
- — @ =001 L L
é{ ) 3?32 ,al 2 E( ) 3?! .’3' ’ {l’:D,DDl
819 | &, u 1 820 | &, a1
E{ 1) o> @ =001 é( 1) pErmn ),a_m,m
8.21 i w11 8.22 i x 1
-1 - L& =0,001
ey LV e
823 |, a1 j 824 | &, w1 3
E{ 1) e ],&—D,DDI é{ 1) T ],&—D,Dl
825 sy L a= o001 826 | Sreosn o 0001
'l (21) = 3
827 d utl i _ 828 = »-1 1 i
L0 s 00 LN T
8.29 P 8.30 e
-t 5(—1”) o St| 5+
é—z” —. a=001 Zﬁ — =001

Task 9. Expand in Fourier series periodic function f(x) with period w=2I,
given in the specified interval.

9.1 9.2 9.3

o) 0-d<x=0 -~ 3, D<x<l . 0,-7<x<0
SO0 = 1/2, O<x<d S0 = 3 1lex<? J®)= 1/3, O<x<7
9.4 9.5 9.6
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o 0,-3<x=0 3 Dex <25 3 Dex=li2
x_lfz,[]-::x-::B =3, 25h<x<h =3 liidzx<l
9.7
B 0,—2<x <=0 J, ezl B 6, 0ox<lf2
=15 0exen FTE=N 5 0 ireq TE=1 6 112 ex et
9.10 9.11 9.12
0,—6 <x =0 _4 Dex<s _30-:::{-::3
AR PR FE=1 4 50 xet0 &= 3 3.6
9.13 9.14 9.15
3 0<x<3/2 (143, 0<x<15 9. 0<x<3/2
JE=Y 2 379 cxe3 FE= 113 15exe3 [T 0 3700503
9.16 9.17 0.18
1L, D=wx<liz F) = O—5<x =0 fa) = 0,-7 <z =<0
S1 12 <x<l e 0ex«s T3 0exe?
9.19 9.20 9.21
_ 4 Dex <32 _ 1, Dex<af2 _ 1, Dex<3/2
TE= 4 30 exes FE=1 0 515055 JE=11 30 exe3
9.22 9.23 9.24
_5,0-:1):{2 _0—4{3:-::0 _0—35-::3:-::0
T2 5 5creq TE=15 gexea T0=15 0cxess
9.25 9.26 9.27
_ 0,—-2<x<n _ D,-1ex<0 _ 0,-3<x<0
ARl PR FE=1 0er et JE =13 gexes
9.28 9.29 9.30
B 0,—-5<x =0 _ 1, D=x=l _ 2 DexxZ
ARl PRP FE=V 4 1 ren FE= 5 5 ey

Task 10. Using the expansion of the integrand in a power series, calculate the

definite integral to within 0,001,

10.1 10.2 10 3 10.4 10.5

1 : 1 e 1 . 02,

—6x ) ax

',I:,.E o {41—54_;{‘ _I. '—125+x _!cosx x _! .
10.6 10.7 10.8 10.9 10.10

o4 _E ] dx 05 , 03 . nz ;

4 . -2x
_!-e dr _!-%;—644_;{3 _!511:1[:43: h’x _II:I-e ax _Dl-cns{ZSx }dx
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10.11 10.12 10.13 10.14 10.15
4 2
AP S W I AT [
f DAL+ xt [— _r P 0256+ x°
0 1]
10.16 10.17 lO 18 10.19 10.20
Dj-ll_ o D_f [Exr [ = Ujl in{100x)d
—dx |n| — | dx _— Anf100x* Jdx
o 2 '|.3~.J1+;=: 02T+ % 0
10.21 10.22 10.23 10 24 10.25
M5 02 ; 02 ( ﬂ)ﬂﬁf
=t sinf 25
'|.~J625+x JE.-E * '!41-“81+x4 -[,,fgm 'u[
10.26 10.27 10.28 10.29 10.30
04 —xi2 05 3. 0,1 0,5 1
J. 1-—¢ i J.E_de ]‘111(14‘2?5) dx -I-I:C-S(dlxz}i}f 'I-Siﬂxzif}'f
o X 0 a 1] 0

Task 11. Find the domain of convergence of the series.

w 2?¢ » w x;u o (J{—B)M w© nxm—l
2 ") — =
111 AP [y, BR 11g HerieT (114 W27
e (0,17 Z“‘:xh =l 5" o
115 = = 116 =& 117 = 2 11.8 win2*
w x?é w x?é w Sxx:! o 2u+l
119 r-l 5* 1110 ; 2 1111 Hml (2?2 +1}3J3_x 1112 n=1 Zn+1
w . w znx?d - {_x)?é+1 w x:u
Ny b %
11.13 =gt 11.14 =1 \E 11.15 E n 11.16 =1 ufe +1)
w H_m w o ] o 2
;;1 (1n %) 5 2" 2" Z(mﬂz x
11.17 =1 11.18 == 11.19 wiwvr-—1 11.20 1 2
> x" = 107 2" A & w "’
,4 > x [i] =
11.21 Zl 2NEn-1 11,22 %1 n 11.23 éﬁ i 11245\ nt1) 5
° # v = - 1 L o x X
—| = xig— xXig—
11.25 é(””] 11126 = 7 11.27 E i 11.28 = 2
i[ln x) y (o + 1) i? x: > Jr::"r.gji?d
11.29 =1 11.30 »-1 11.31 =!3= 11.32 =1
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3.3 Solution of an exemplary embodiment

Task 1. For series Y, =
asK 1. FOr series L (2ﬂ—1)-3n .

a) make a general term formula U, and write the first five terms;
b) write the n-th partial sum S, of the series;

c) write the remaining tail r, of the series;
d) check the necessary condition for convergence of the series.

o0
For numerical series Zun’ where u,eR(n=1,2,...),
n=1

n
Sy = Zuk — the n-th partial sum of the series,
k=1

ry = zuk — the remaining tail of the series.
k=n+1

N—o0

n
The series converges if there is a finite limit; S = !]'D]o S, =lim Zuk’
k=1

otherwise, the series diverges. The number S is called the sum of the series.

If the series converges, then the necessary condition for convergence of the
series is performed:

lim u, =0
N—>00 '

if 1im u, #0, then the series diverges.

n—oo

Solution: &) U = ———

olution: a) U, (2n—1)-3" '
= 1 1 1 1 1 1
> R e e e e ST
Zion-1)-3" 1.3 3.3 5.3° 7-3° 9.3

b) by definition: S, — the n-th partial sum of the series is equal to the sum of

the first n terms of the series, i.e. S, = Z“k , thus:
k=1

g
Z(2k—1)-3k !

k=1
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c) by definition: r,— the remaining tail of the series is a series obtained from

the original one, without the first n terms, i.e. I, = Zuk , SO:
k=n+1

;1(2k )3

1
d) imu, = M}OW =0, the necessary condition for convergence of the
series is fulfilled, but the conclusion about the convergence of the series cannot be
made.

[e¢]

1
Task 2. Compare with Dirichlet Zn_ l.e. find the parameter p, and
n=1

o 2
n° -1
investigate the convergence of the series Z “2n-1)-(n2+1)

The second comparison test: consider series Zun’ Zvn
n=1 n=1

If imv_ A (where 4 # 0, A # ) exists, then the series Zun and
n=1

ZVn simultaneously converge or simultaneously diverge.
n=1

0

= 1
For comparison, the Dirichlet series is taken: an = Zn—p , the convergence
n=1 n=1

of which depends on the parameter p (when P >1 the series converges, when p <1

the series diverges). To use the comparison test, we need to find the parameter p and
make the appropriate conclusion.

n*-1
(2n-1)-(n*+1)’

Solution: U, = then the maximum degree of the numerator

1
is 2, and the degree of the denominator is 3, then P=3—-2<1—->vy,=—

Consequently, the series ZV Z 0 diverges.
n=1
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n’ -1
(2n-1)-(n*+1) _ lim (n*-=1)-n

I u, _ i _ 1 _ t
AS Im—=1im — =Cons _then

ooy o 1 oo (20 -1)-(n?+1) 2
n
< n-1 .
the series nZ:;, @n—1)-(n’ +1) also diverges.
: R S .
Task 3. Investigate the series nZ:;‘(Zn+1)! for convergence using the

D'Alembert's test.

D'Alembert test can be used if the general term u, contains exponential
function or factorial.

.u
D'Alembert's test: If there is the finite limit of ratio Lmu”—“ﬂ, then:
a) the series converges if 0< | <1;
b) the series diverges if | > 1.
If | =1, then the theorem gives no answer on convergence of the series, that is
why another test is required.

3n n+1
. : A U — :
Solution: for a given series U, 2n+D)’ ™ 2nta)l” On the basis of the
D'Alembert test we have:
3n+1
| n+1 . |
jim Unst — fim Gy 3 @D 3 ~0<1,
ooy o o3 o (2n+ 3)43 o (20 +2) - (2n + 3)
(2n+1)!

therefore, the series converges.

0 5n
Task 4. Investigate for convergence the series Z—n using the radical
~ (3n+1)

Cauchy criterion.
The radical Cauchy criterion: If there is the finite limit Lm\/f= I, then:

a) the series converges if 0< 1<1;

b) the series diverges if | > 1.

If | = 1, then the theorem gives no answer on convergence of the series, that is
why another test is required.

62



n

@Bn+D)"

limz/u, =limy > _lim—>_-0<1
N> o\ (3n+1)" o= (3n+1)

therefore, the series diverges.

Solution: for a given series we have U, =

1
2n+1)In(2n+1

Task 5. Investigate for convergence the series Z( ) using the

integral Cauchy test.

Integral Cauchy test: let the terms of the series Zun be positive and not
n=1

increase, 1.e. U; >U, >U3 >... , and f(x) — such a continuous non-increasing function,
that f(1) =uy, f(2) =u,, ..., f(n) =u,.

Then the series Zun and the improper integral _[ f (x)dx simultaneously
n=1 1

converge or diverge.

1 1
- U, = — f(x)=
Solution:for = o 1y In2n +1) ) (2x+1)In(2x+1)

2

_|t=In(2x+1) —>dt =

X= 2x+1 =— a_

j f (x)dx = T

~Linty
2

In3

:%(lnoo— Infin3))=

1
dx
(2x+1)In(2x +1)

I.e. the improper integral I diverges. Consequently, the
1

1 -
2n+1)ln(2n+1) also diverges.

Task 6. Investlgate for conditional or absolute convergence the alternating

series: a) > Y s,b)Z\/—, )Z(4n)l)

" (n+2)3
The series of the form

original series Z(

Uy —Uy +Us — Uy +.+ (D)™ +.. = Z(—l)n+lun’ where u,>0(n=1,2,...)
n=1

— is called the alternating series.
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. . : i (_1) By i o
Sign of convergence for alternating series n according to Leibniz
n=1

theorem:
1) up>uy>usz> ... — if the terms of the series monotonously decrease;

. - n+1
2) nlinooun =0, then the series Z(—l) u, converge, and its sum is
n=1

positive and less then u;.

o0

- 1
If the series Z‘Un‘ converges, then the series Z(_l)n+ Un is called
n=1 n=1

C n+l C
absolutely convergent; if the series Z(_l) Un converges, but the series Z‘Un‘
n=1 n=1

C n+l
diverges, then the series Z (D™ U, s called conditionally convergent.
n=1

Therefore, investigating conditional or absolute convergence, three cases are
possible: the series absolutely converges; or the series conditionally converges; or

the series diverges.

Solution:

(1)

a) investigate the series Z 5 for absolute convergence, where series of

" (n+2)3
o0 0 (_1)n 0 1 5
absolute values Z‘Un‘ = Z 5|~ Z 5 converges (because P = 3 >1).
" (n+2)3] "(n+2)

o . 0 0 _1 n
Consequently the original series QU= % absolutely converges.
n=1 n=1 S
(n+2)3
b) consider the series of absolute values for the given series i—(_ 1" :
a/(n+1)%

n=1
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(_1)n+1 ‘ 0 1
‘: Z 2 , which when compared with the Dirichlet
" (n+1)°

2
series Z (D—E<1) diverges. Consequently, the original series cannot

converge absolutely.
Let us verify the fulfillment of the Leibniz conditions:

1
NSO S y lim —— =0,

1 2
g/o2 " 8[q2 W n—>oo5/(n+1)2

They are satisfied, therefore, the original series converges conditionally.

2 (-1)"n
c) for the series Z((4n) D let us verify the fulfillment of the Leibniz
n=1 -
conditions:
1 2 3 1
1) =>o>—>. 2) lim == =0,
3 7 11 nbodn-1 4

where for the initial series the second Leibnitz condition is not satisfied.
Consequently, the original series diverges.

Task 7. Find the radius and interval of convergence of the series:

a) 2(”%‘) (3x—5)" b) g”5j1(5x+1)“_

n
The radius of convergence of a power series Zan (X - Xo) is found in one

n=1
of two formulas:
) ) 1
R =1lim or R=Ilim .
n—o0 an+1 n—o n ,‘an‘

The interval of convergence of the series Zan (X— Xo )n is defined by the
n=1

inequality: |X —xo| <R.

Solution:
a) let's bring this series to a standard form:

n+4 n+4\" ., 5)"
SOt o =3[t (x5
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n+4Y" ., (3-(n+4)Y 5
For the resulting series: &x Z(—j -3 :(—j KXo =5

2N 2n 3
Therefore, the radius of convergence of the series is found by the formula:
: 1 : 1 : 2N 2
R=Ilim——=Iim =lim——=—.
n—so0 n/|an| n—>oon(3.(n+4)jn n—>003.(n_|_4) 3
2n
The interval of convergence of the series:
—2.2 2,52
3 37 3 37
——+§<x<—+— l<X<—
3 337 3
“ n’+1 ]
b) let's bring the given series Z 5 (5x+1)" to a standard form:
n=1
0 2 n n n
Sy gy _Zm( j Z(n +1)(x+1).
n=1L 5n 5
1

For the resulting series: &, = (n2 +1), X = _E'

Therefore, the radius of convergence and the interval of convergence of the
series we find:

. | a n*+1 i n*+1
R=Ilim—/|=lim————=1im —
noelg | noe(n+1)2+1 noen? n+2n+2
1
X+ — <l:>—1< X+g<1;
—1—1<x<1—1:>—§<x<ﬂ
5 5 5 S5
a1
Task 8. Calculate the sum of the series Z(—l) —n22” with precision
n=1
«=0,001.

Solution: since the series is alternating and converging, the n-th partial sum of
the series Sy is an approximation to its sum S with absolute error o

S-S,|=|rn|<a—>S=>a =S,
k
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We calculate several consecutive first terms of this series:
a, =0.5, a, =-0.0625,..a, > «, i.e. until we get the term an.1 , whose absolute
value is less than the specified accuracy. In our case it is:

1
an+1 = a6 = 627 = 0000434 <.
S=§5; = 0.5—0.0625+i—i+i ~ 0.049.
75 256 800

Task 9. Expand in Fourier series periodic function:

1 0<x<2
F(X) = <
2 2<x<4

Solution: to determine the Fourier coefficients we use the formulas:

1a+_2|

ap =~ | f(x)dx;
I a
a+2l

an=} [ f(x)cos(n—ﬂx)dx;
I " I
a+2l

1 . NzaX
bn=f_[f(@sm07—mx

a

where a=0, a+2l=4, then the half period is 1=(4 — 0)/2=2.

We obtain:
4 2 4
1 1 1 1 1
an=— | f(X)dx==|(-Ddx+=|(Qdx=—-=(2-0)+=(4-2) =1
0 2£ (x) 2g() +2£() S (2-0)+-(4-2)

a —lfencmﬂﬂﬁmx+lfanmqﬂﬁxm—
"2y 2 27 2 7T

1 .  mx
=— sin(—)
2/m 2

2 4
+isin(@) =0;
0 2 |2

67



b, = 1?(-1) sin(27% ) dx + 1}(2) sin(2 7%y dx =
"2y 2 27 2 7

= 2 cos(znx)

4 4
— ——cos(zmnx)| . =
27N 7 2

2
0

-1 (cos(zn) — cos0)) — 1 (cos2zn —coszn) = 3 (D" -1).
7 27
Substituting the obtained coefficients in the formula

F)="2+a, cos(”T”X) b, sin(”T”X),
n=1

where | =2, we obtain the desired expansion:

(0= + 2%«—1)” ~2)6in(")

Task 10. Using the expansion of the integrand in a power series, calculate the

2

definite integral _[ T, towithin 0,00001.
o V1+ x*

Solution: decompose the integrand in the binomial series:

(1+t)m:1+mt+m(m—l)t2+m(m—l)(m—Z)t3+.__+m(m—1)~~(m—n+1)tn+
2! 3 n!
1
taking a replacement  t = X", m=-2 init

1
SV IR WIES < B < K RO

1+ X

this series converges for \X\ <1. We integrate this series in the range from 0 to 0.5:
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0.5 0.5
J';dx: J.(1_3)(4+££X8_££Xl2+”.jdxz
* 14 x4 20 22 32.2-2
1x° 11.3x° 11.3.5x8 0.5
= |IX---——+— _4... —
25 202.29 312.2.213 0
1 1 11.3 1 1135 1
= — — + —
2 92.5.95 22.229.9 312.2.213. 213

We received an alternating series, the sum of which must be found with an
accuracy of 0,0001. We calculate several consecutive first terms of this series:
a; =0.5 a, ~-0.00313; a3 =0.00008.

As |as| <0.00001 then, according to the property of alternating convergent

series, we have:

0.5
j ! dle—;S:E— 15:0,5—0,00313:0,4969.
14 x4 2 2.5.2° 2 2.5.2

- 1
Task 11. Find the domain of convergence of the series Z—n(5x +1)".
n=1

Solution: first, the radius and convergence interval are calculated:

d, =

1
S P S
Jnst M st

= lim ‘/n+5 5 ‘/n+ ‘—‘ I|m]/ =5,
n—oo n—oo

\5x+]l<5—> —5-1<5x<5- 1—>——<x<—

= lim
n—oo

an+1

4
a) when X = 5 we get a numerical series z\/— which is investigated for
. . oo ST ol
convergence on the basis of comparison (|O=E) with Dirichlet series: Z_i IS
n=
n2

4
divergent series. Therefore, the value X=gis not included in the domain of

convergence of the series;
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6 _ _ 2 (-D)"
6) when X=—g we get a numerical series z
n=

conditionally, since the conditions of Leibniz are satisfied:

1 1 1
1) ﬁ>$>ﬁ>

. It converges

I|m——0

n—oo [

6
Consequently, the value X = s enters the region of convergence of the

series.

Thus, [—gig) iIs the domain of convergence of the series

21
nZ:lM”
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