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Preface 

 

The present summary of lectures contains 11 lectures on the basic sections, 

traditionally studied in the discipline Mathematics 2: «Differential and integral 

calculus of multivariable function», «Ordinary differential equations», «Series» and 

corresponds to the curriculum of the specialties 5В071900, 5В071800, 5В071700. 

The content of sections is interconnected with each other. The theoretical 

material is illustrated by examples and pictures.  

The summary of lectures is intended for the first-year students.  It may also be 

useful for the self-study.  
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1 Differential and integral calculus of multivariable function 

 

1.1 Lecture 1. Function of several variables (FSV) 

 

Content of the lecture: function of several variables (FSV). Partial derivatives 

and differentials. Tangent plane and normal to surface. Extremum, conditional 

extremum of FSV. Lagrange multipliers method. 

Aims of the lecture: study the basic concepts of FSV.  

 

Suppose that  x, y are independent variables of a certain domain D.  

If every pair (х, у)  corresponds to a unique value of variable  z, i.e.                  

(х, у)    z = f(x,y), then  z  is called a function of two independent variables x and y 

defined in D. 

The domain of definition   D(f)  is the set of pairs (х, у) for which the function  

 z =  f(x, y) is defined. 

The range of values  E(f)  is  the set of all values  z =  f(x, y) . 

As (x, y) М(x, y)  on the plane  Оху, then D(f) – the set of points on the plane. 

If   x1, x2, x3, ..., xп   are independent variables in some area D of their changes, 

then   (x1, x2, x3, ..., xп)    w = f(x1, x2, x3, ..., xп)    and  w   is a function of 

independent variables   x1, x2, x3, ..., xп  defined in D. 

 

Limit  and  continuity of  two variables function.  

 - neighborhood of the point   М0 (х0 ,у0 ) is the set of points М(х, у) such that 

                                                           ММ0  . 
A number А is called the limit of the function  f(x, у) when the point  М(х, у) 

tends to the point  М0 (х0 , у0), 

                        if               r   :   f(x, y) – A   whenММ0 r. 

Notation: .),(lim

0

0

Ayxf

yy
xx






 

A function z = f(x, y) is called continuous at the point  М0 (х0 , у0)  if                     

),(),(lim 00

0

0

yxfyxf

yy
xx






,                                      (1.1) 

where   М(х, у)  М0 (х0 , у0) arbitrarily, while remaining in domain of definition D. 

 

If we introduce the notations:         х = х0 + х,         у = у0 + у, 

then  (1.1) :          ),(),(lim 0000

0
0

yxfyyxxf

y
x






. 

 

Partial derivatives  (PDs) of a function of several variables. 

Let   z = f(x, y)   be a function in domain D. 

We introduce the notations: 

z = f(х+х, у+у) – f(x, y ) is a total increment of a function;  
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хz = f(х+х, у) – f(x, y  ) is a partial increment with respect to х; 

уz = f(х, у+у) – f(x, y ) is a partial increment with respect to у. 

Then the partial derivatives (PDs) are defined as follows: 

PD of a function  z = f(x, y) with respect to х        

x

yxfyxxf

x

z

x

f
f

x

z
z

x

x

x
xx























),(),(
limlim

00
.  

 

PD of a function z = f(x, y) with respect to у      

y

yxfyyxf

x

z

y

f
f

y

z
z

x

y

y
yy























),(),(
limlim

00
.                                                          

Example.   z = x
2
 sin y,       zx = 2x sin y ,      zy = x

2
 cos y. 

 

PDs for any number of variables are defined similarly. 

 

Example.   u = x
2
 + y

2
 +xtz

3
 ,  ux = 2x + tz

3
,  uy = 2y,   uz = 3xtz

2
,  ut = xz

3
. 

 

Normal and tangent plane to the surface defined by the equation   z = f (x, y). 

Tangent plane to the surface σ at the point M0 is the plane in which all the 

tangent lines to the surface σ passing through M0 are located. 

The  equation  of  the  tangent  plane  to  the surface  defined  by  the equation    

z = f (x, y)  at the point   M0 (x0, y0, z0)  is:        

                          z – z0= fx(x0,y0)(x – x0)+fy(x0,y0)(y – y0). 

Vector  1),(),( 00  MfMfN yx


  is a normal vector  to the surface σ at the 

point M0 .  Normal vector is perpendicular to the tangent plane. 

Normal to the surface at the point M0 is a straight line passing through this 

point and having the direction of the vector N. 

The canonical equation of normal to the surface defined by the equation   

z = f (x, y), at point M0 (x0, y0, z0), where z0 = f (x0, y0), has the form:  

1),(),(

0

00

0

00

0













 zz

yxf

yy

yxf

xx

yx

. 

Partial derivatives of higher order. Mixed derivatives.  

Let   z = f(x, y)   be a function depending on x and  у, that is continuous and 

has continuous partial derivatives in the region D. 
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Then  zx = fx(x, y) , zу = fу(x, y) are continuous functions depending on x 

and у. So we can differentiate them with respect to х and y; there would be four such 

second-order PDs:   fxх(х, у),    fxу(х, у), fух(х, у),    fуу(х, у). 

In the general case:  n-th order partial derivative is the first derivative of the 

(n-1) -th order derivative. 

 

Example.   Find the second order PDs of the function     f(x) = x
2
y + y

3
. 

Solution.    fх(х, у) = 2xy ,              fу(х, у) = x
2
+3y

2
,  

fxх(х, у) = 2y ,    fyу(х, у) = 6y , 

fxу(х, у) = 2x ,   fуx (х, у) = 2x . 

  

Theorem (on mixed PDs).  

If the function  z = f(x,y) and its PDs   fх ,  fу ,  fxу ,  fyх are defined and 

continuous at point М(х, у) and its  - neighborhood, then at this point   fxу  =  fyх . 

 

Differentiability and differential of FSV. 

Function z = f(x, у), total increment of which z  at a given point (x, y) can be 

represented as a sum of two components:  

1) an expression linear with  respect to  x  and y, and  

2) the value of infinitesimal of  higher order with respect to 

   22
yx  ,  

is called differentiable at a given point, and the linear part of the increment is called 

the total differential (dz or df ): 

                              dz = fх(x, y) х + fу(x, y) у. 

Increments of the independent variables x  and y  are called the 

differentials of independent variables x and y ( dx  and  dy ). 

Therefore    dz = fх(x, y) dх + fу(x, y) dу. 

 

Derivative of composite functions. 

Suppose that    z = F(u, v), u =  (x, y),  v =  (x, y),    

                              z = F  (x, y),  (x, y) . 

Then         zx = Fu uх + Fv vх  ,      zу = Fu uу + Fv vу  .          

Example.         z = x
2
 + y

2
 ,   y = sin x ,  zx = 2x ,   zy = 2y ,  yx = cos x , 

      xyx
dx

dz
cos22  2x +  2 sin x cos x = 2x +  sin 2x  . 

 

Derivative of the function given implicitly. 

Consider  the equation                F(x, y, z) = 0 .                                           (1.2) 

Let us find  zх and  zу  of an implicit function of x and y, defined by equation 

(1.2). 

When we are looking for zх, believe that  у is constant, so     
),,(

),,(

zyxF

zyxF
z

z

x
x




 . 
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Similarly,    
),,(

),,(

zyxF

zyxF
z

z

y

y



 . 

It is assumed that      Fz  0 . 

Similarly we define the implicit function of any number of variables and their 

partial derivatives. 

Example.      х
2
 + у

2
 + z

2 
- R

2
 = 0.      F(x, y, z) = х

2
 +у

2
+ z

2 
- R

2
, 

                           Fх (x, y, z) = 2х ,   Fу (x, y, z) = 2у ,     Fz (x, y, z) = 2z , 

,
2

2

z

x

z

х
zx           .

2

2

z

y

z

y
z y   

 

Extremum of FSV.  

Function    z = f(x, y)  has a local maximum at the point   М0 (х0 , у0) , if     

f(x0, y0)  f(x, y)  for all points (x, y), sufficiently close to the point (x0, y0)  and 

differing from it. 

Function     z = f(x, y)  has a local minimum  at the point   М0 (х0 , у0) , if   

f(x0, y0)  f(x, y) for all points (x, y), sufficiently close to the point (x0, y0)  and 

differing from it. 

Maximum and minimum of the function are called extremums of the 

function. 

Theorem 1 (necessary condition for local extremum of FSV). 

If the function    z = f (x, y) reaches an extremum at    x = x0 ,    y =  y0 ,     

then each first order partial derivatives of   z   or vanishes at these values of the 

arguments, or does not exist. 

Theorem is not sufficient. 

Example.    z = x
2
 – y

2
 ,       

 zx = 2x ,  zy = –2y  , zx = zy = 0    when х = 0 ,  у = 0 . 

But at the point (0, 0) function z has neither a maximum nor a minimum. 

The points, at which zx = 0  and  zy = 0 (or does not exist), are called critical 

points of the function   z = f(x, y) . 

 

Theorem 2 (sufficient condition for local extremum of FSV). 

Suppose that in some  region  containing  the  point   M (x0, y0),  the function  

f (x, y) has continuous PDs up to the third order inclusive; let the point M (x0, y0) is 

the critical point of the function f (x, y), i.e. 

    fx (x0, y0) = 0 ,   fу (x0, y0) = 0 . 

Then for x = x0 ,  у = y0 : 

1)   f(x, y) has a local maximum if      

 fxх (x0, y0) fуу (x0, y0) – (fху (x0, y0))
2
  0      and   fxх (x0, y0)  0 ; 

2)   f(x, y) has a local minimum if       

 fxх (x0, y0) fуу (x0, y0) – (fху (x0, y0))
2
  0      and   fxх (x0, y0)  0 ; 

3)   f(x, y) has neither a local maximum nor a local minimum if    

 fxх (x0, y0) fуу (x0, y0) – (fху (x0, y0))
2
  0; 
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4) if       fxх (x0, y0) fуу (x0, y0) – (fху (x0, y0))
2
 = 0,   then local extremum  

may be or may not be (this case requires further  investigation). 

Example. Investigate function for local maximum and local minimum      

                       z = x
2
 – xy + y

2
 + 3x  – 2y +1. 

Solution.  

1) find the critical points:      zx = 2х - у + 3 ,     zy = -х +2у - 2 . 

Solving the system of equations    








,022

,032

ух

ух
 

we obtain:        ,
3

4
х     .

3

1
у     

2) find the second-order derivatives at the critical point 









3

1
,

3

4
 and 

determine the nature of the critical point:    

       А = zxх (x0, y0) = 2,      B = zху (x0, y0) =  –1,      C = zуу (x0, y0) = 2,      

AC – B
2
 = 2 2 – (–1)

2
 = 3  0 . 

Consequently, at point   









3

1
,

3

4
this function has a local minimum, namely    

.
3

4
min z  

 

Conditional extremum of two variables function. 

Problem: find maximum and minimum of the function    u = f(x, y)          (1.3) 

under the condition:                                                            (x, y) = 0.       (1.4) 

Problem can be reduced to the study of the extremum of a one variable 

function: 

(1.4)      у = у(х)  u = f(x, y(х)) = р(х). 

But it is possible to solve the problem without solving the equation (1.4) with 

respect to x and y. 

Lagrange multiplier method. 

From (1.3):                    ux = fx + fy yx . 

Consequently, in the extremum points:       fx + fy yx = 0.                        (1.5) 

From  (1.4):                         x + y yx = 0 .                                             (1.6) 

(1.5) + (1.6):            ( fx+ fy yx )+(x+y yx )= 0 

        or      ( fx+x ) + ( fy+y) yx = 0.                                (1.7) 

This equation holds at all extremum points.    

We choose   so that ( fy+y) = 0 for values of x and y, corresponding to an 

extremum of the function u = f(x, y),  then  (1.7)   ( fx+x ) = 0. 

Thus we have three equations with three variables   х, у,  : 

        fx+x = 0, 

        fy+y = 0, 

        (x, y) = 0.                                                                 (1.8)   
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This is a necessary condition for a local extremum. 

Note that the left-hand sides of equations (1.8) – PDs of Lagrange function 

F ( x, y,  ) = f (x, y) +  (x, y).                                     (1.9) 

Thus the problem of conditional extremum (1.3)-(1.4) is reduced to 

extremum problem of function (1.9). 

The considered method applies to the study of conditional extremum of the 

function of any number of variables. 

 

 

1.2 Lecture 2. Double integrals and their properties 

 

Content of the lecture: double integrals and their properties. The computation 

of double integrals. Jacobian and change of variables in multiple integrals. 

Aims of the lecture: study the double integral, its properties and calculation 

techniques.  

 

Let us consider in the plane Oxy  closed region D , bounded by line L. 

Suppose that a continuous function z = f (x, y) is given in the region D. 

We divide the region D in an arbitrary way into n parts:  

                                              s1 ,  s2 ,  s3 , …,  sп . 

Each part we identify with its area.  

Let us choose an arbitrary point of each part:  Рi   si  ( ni ,1 ), and assign 

the value  f (Pi) to this point.  

We define the sum:     



n

i

iin sPfV
1

)( .                                               

This sum is called the integral sum for the function f (x, y) in the region D. 

If  f    in the region D , the geometrically each term f (Pi)  si  can be 

represented as small cylinder volume, which has a height f (Pi) and the base  si. 

Thus,  Vn   is the  volume of «stepped» solid. Assume that  diam    si      

if  n  . Then the following theorem is true. 

Theorem 1. If the function f (x, y) is continuous in the closed region D, then         







n

i

ii
sdiam

sPf
i 1

0
)(lim . 

This limit does not depend on the method of partitioning the region D  into  

si , nor on the choice of point  Рi   si.        

This limit is called the double integral of the function   f (x, y)  in the region D 

and is denoted by:    
D

dsPf )(     or    
D

dxdyyxf ),( . 

Thus,         



D

n

i

ii
sdiam

dxdyyxfsPf
i

),()(lim
1

0
,   

whеre  D  is the region of integration. 
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The geometric sense of the double integral (when f (x, y)  ):   the double 

integral    
D

dxdyyxf ),(      equals to the volume of the solid V, bounded by the 

surface z = f (x, y), the plane z = 0 and the cylindrical surface with the generatrix 

parallel to the axis Оz and directing line L. 

 

Properties of the double integral: 

1)   
D

dsyxyx ),(),(   
DD

dsyxdsyx ),(),(  ; 

2)  
D D

dsyxСdsyxС ),(),(  ,     С  = const; 

3)  If  D  is divided into  D1 and  D2  without common interior points, then    

                          
D

dxdyyxf ),( 
1

),(
D

dxdyyxf 

2

),(
D

dxdyyxf . 

Calculation of double integrals. 

Let D be the closed region in the plane Oxy. 

          The region  D   is called regular in the axial direction Oy (Ox),  

if every straight line l, parallel to the axis Oy (Ox) and passing through an interior 

point of region  D, intersects the boundary of region D in two points, i.е. 

 21,NNLl  .                                                                                                     

Thus, D is the regular region  in the y-axis direction, if D is bounded by lines:    

 y =  1(x), y =  2(x), x = a, x = b, and  1(x)   2(x), a < b,  1(x),  2(x) are 

continuous on a, b (Figure 2.1); 

D  is the regular region  in the  x-axis  direction, if  D  is bounded   by lines:  

х =  1(у),  х =  2(у),  y = с,  у = d, and   1(у)   2(у), с < d,  1(у),  2(у) are 

continuous on с, d (Figure 2.2). 

 

 
            Figure 2.1                                       Figure 2.2 

 

The regular region is the region that is regular in the x-axis direction and in 

the y-axis direction. 

Let f (x, y) be a continuous in D. 
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The expression       














b

a

x

x

D dxdyyxfI

)(

)(

2

1

),(





     is called the iterated integral 

of  f (x, y) on the region D.   I.е. 

b

a

D dxxI )( , where    

)(

)(

2

1

),()(

x

x

dyyxfx





.               

Properties of the iterated integral: 

1) If the regular in the y-axis direction region D is divided into two regions D1 

and D2  by  line, parallel to the y-axis or x-axis, then  
21 DDD III  . 

Corollary.       
пDDDDD IIIII  ...

321
. 

2) (Evaluation of an iterated integral).  

If  f(x, y) is continuous in D and   m is the smallest value, M is the largest 

value of   f(x, y) in D,  S is the area of D,   then                 

                                      MSImS D  . 

3) (Mean value theorem).  

There is a point  Р D   such that    SPfID )( . 

Theorem 2 (Calculation of double integrals). 

 If  f (x, y) is a continuous function,  D is a regular in the y-axis direction 

region, then           














b

a

x

xD

dxdyyxfdxdyyxf

)(

)(

2

1

),(),(





; 

if   D – the regular in the x-axis direction region, then                                   

  














d

с

y

yD

dydxyxfdxdyyxf

)(

)(

2

1

),(),(





. 

Remark. a) the right sides of the above formulas are iterated or repeated 

integrals. The transition from one formula to another is called a change in the order 

of integration; 

b) if the region D is not regular, then it is necessary for the beginning to break 

it up into a finite set of regular regions. 

Substitution method in double integrals. 

Let the region D, bounded by the line L, is given in the plane  Оху. 

Assume that the coordinates x and y are functions of the new variables u and 

v:   x = х (u, v),   y = у (u, v),    where   х(u, v), у(u, v) are continuous and have 

continuous derivatives in some region D , i.е. one-to-one correspondence is 

established between the regions D and D :  Р(x, y)   Р (u, v), where   u, v are 

curvilinear coordinates  of point Р. 
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We introduce the notation:          

v

y

u

y
v

x

u

x

vuJ
















),(  

– functional determinant (Jacobian) of functions    х(u, v), у(u, v). 

Then the formula for change of variables in the double integral has the form:      
                       

                         



D D

dudvvuJvuyvuxfdxdyyxf ),(),(),,(),( . 

 

Remark. A special case of a change of variables in the double integral is the 

transition to polar coordinates. 

  

Polar coordinates. 

Position of the point on the plane is determined by two polar coordinates    

and  , which are connected with Cartesian coordinates x and y by the following 

formulas:    

                  x =  cos ,     

                 y =  sin,    where    0    2 . 

          

                




























sincos

cossin

yy

xx

J                                     

                     22 cossin . 

 

   
          Figure 2.3  

 

Consequently, the change of variables formula takes the form: 

 





DD

ddfdxdyyxf  )sin,cos(),( . 

Moreover, if D is as shown in the Figure 2.4, then                                

                       











)(

)(

2

1

)sin,cos(),( dfddxdyyxf
D

; 

if D is as shown in the Figure 2.5, then 

                       

 


2

0

)(

0

)sin,cos(),( dfddxdyyxf
D

. 
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                    Figure 2.4                                       Figure 2.5 

 

 

1.3 Lecture 3. Triple integrals and their properties 
 

Content of the lecture: triple integrals and their properties. Calculation of 

triple integrals and change of variables. Applications of multiple integrals. 

Aims of the lecture: study the triple integral, its properties and calculation 

techniques.  

 

Let f (x, y, z) be a continuous function defined in the three-dimensional region 

V, bounded by a closed surface S.  

We divide the domain V in an arbitrary way into n elementary regions:  

                                    v1 , v2 , v3 , …, vп .                 

Each region is identified with its volume.  

Let us choose an arbitrary point of each region  Рivi ( ni ,1 ),  and assign 

the value  f (Pi) to this point.  

We define the sum:          



n

i

ii vPf
1

)( .                                               

This sum is called the integral sum for the function  f (x, y, z) in region V. 

Assume that    diam  vi   if  n  . Then the following theorem is true. 

Theorem 1. If the function   f (x, y, z)   is continuous in the closed region V,  

then      





n

i

ii
vdiam

vPf
i 1

0
)(lim .  

This limit does not depend on the method of partitioning the region V into  

vi , nor  on the choice of point  Рi   vi .        

This limit is called the triple integral of the function   f (x, y, z)  in the region 

V and is denoted by:     

        
V

dvPf )(      or      
V

dxdydzzyxf ),,( .        

The physical sense of the triple integral:  if  f     in the region V, then we 

can assume that f (x, y, z) is distribution density of some substance in domain V.  
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Then the triple integral is numerically equal to the mass of matter contained 

in the volume V. 

 

Calculation of triple integrals. 

Let V  be a region in the space bounded by a closed surface S. 

Region V is called regular (three-dimensional) region, if: 

1) every straight line l, parallel to the axis Oz and passing through an interior 

point of region  V, intersects the boundary of region in two points, i.е. 

 21, NNSl  ;                                               

2) the whole region V is projected onto the Oxy in the regular (two-

dimensional) region D;  

3) every part of the region V, cut off by a plane parallel to any of the 

coordinate planes (Oxy Oxz, Oyz), also has the properties 1) and 2). 

Thus, V is a regular (three-dimensional) region, if V is bounded above and 

below by two surfaces defined by the equations   z = 1(x, y) z = 2(x, y). 

 

We introduce the concept of  

three - tuple integral. 

Let D be a the projection of V 

onto the plane Oxy, bounded by lines: 

   y =  1(x),  y =  2(x),   

        x = a,   x =b,    

             1(x)   2(x),      a < b. 

Then the three - tuple integral of 

the function f (x, y, z) in the region V is 

determined as follows:   
                        Figure 3.1

             





























b

a

x

x

yx

yx

V dxdydzzyxfI

)(

)(

),(

),(

2

1

2

1

),,(









. 

 

 

Properties of  three - tuple integral: 

1) If the region V is divided into regions V1 ,V2 by plane, parallel to any of 

the coordinate planes, then  
21 VVV III  . 

Corollary.    
пVVVVV IIIII  ...

321
. 

2) (Evaluation of three - tuple integral). 

If   m is the smallest value, M is the largest value of  f (x, y, z) in V,  V is the 

volume of the region V, then        MVImV V  . 
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3) (Mean value theorem).  

There is a point Р  V such that 

                                  VPfdxdydzzyxf

b

a

x

x

yx

yx

)(),,(

)(

)(

),(

),(

2

1

2

1






























  








. 

Theorem 2.   

 If   f(x, y, z)  is a continuous function in V , V is regular (three-dimensional) 

region, then 

                
V

dvzyxf ),,(   


























b

a

x

x

yx

yx

dxdydzzyxf

)(

)(

),(

),(

2

1

2

1

),,(









.  

 

Substitution method in triple integrals. 

Let V be the closed region in the space. 

Assume that the coordinates    х, у  and  z are functions of the new variables  

u, t, w:       x = х(u, t, w),       y = у(u, t, w),      z = z(u, t, w),     where   х(u, t, w),  

у(u, t, w), z(u, t, w) are continuous and have continuous derivatives in some region 

V, i.е. one-to-one correspondence is established between the regions V  and  V :   

Р(x, y, z)   Р (u, t, w), where  u, t, w are curvilinear coordinates  of point Р. 

We introduce the notation:    

w

z

t

z

u

z
w

y

t

y

u

y
w

x

t

x

u

x

wtuJJ



































 ),,(
      

– functional  determinant  (Jacobian)  of  functions  x = х(u, t, w),   y = у(u, t, w),     

z = z(u, t, w). 

Then the formula for change of variables in the triple integral has the form:      
        

    
V

dxdydzzyxf ),,(  



V

dudtdwJwtuzwtuywtuxf ),,(),,,(),,,( .         

 

Remark. A special case of a change of variables in the triple integral is the 

transition to spherical or cylindrical coordinates. 

 

Spherical coordinates. 

Position of the point in the space is determined by three spherical coordinates 

r,  ,  , which are connected with Cartesian coordinates  x, y, z by the following 

formulas:  

       



 16 

                

 x = r sin  cos  ,   

                y = r sin  sin  ,     

                z = r cos   ,  

 

where  0  r   ,  0     , 0    2 .  
 

       
                  Figure 3.2 

           







sin

0sincos

cossinsincossinsin

sinsincoscoscossin
2r

r

rr

rr

J 





 . 

 

Consequently, the change of variables formula takes the form: 
 

 
V

dxdydzzyxf ),,( 



V

ddrdrrrrf  sin)cos,sinsin,cossin( 2
. 

 

Cylindrical coordinates. 

Position of the point in the space is determined by three cylindrical 

coordinates    ,  , z, which are connected with Cartesian coordinates  x, y, z by the 

following formulas:  

 

      x =  cos,        

      y =  sin,  

      z = z,   where  0     , 0    2. 

                                

       









100

0cossin

0sincos

J . 
  
            Figure 3.3 

 

Consequently, the change of variables formula takes the form: 

                   
V

dxdydzzyxf ),,( 



V

dzddzf  ),sin,cos( . 

Example.  

Calculate    
V

zdxdydz, where   V   is a hemisphere of radius R centered at 

the origin O. 

 

Solution. 
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This region V is bounded below by the surface   z = 0, and above – by the 

surface 
222 yxRz   (in cylindrical coordinates    

22  Rz ). 

                                                
                                                          Figure 3.4

 

Consequently, 

 


V

dzddz  




























  



 

ddzdz

R R2

0 0 0

22
















 




 

dd
z

R R2

0 0 0

2
22

2
    

                         







   



ddR

R2

0 0

22

2

1

4
2

42

1

422

1 442

0

44 RR
d

RR 












 . 

 

 

2 Ordinary differential equations 

 

2.1  Lecture 4. The 1-st order ordinary differential equation (DE) 

 

Content of the lecture: the 1-st order ordinary differential equation (DE). 

Cauchy problem. Equation with separable variables. Linear homogeneous and 

nonhomogeneous equation. Equations in total differentials. 

Aims of the lecture: study the basic concepts of the theory of differential 

equations. 

 

Differential equation (DE) is an equation that joins the independent variable 

x, the unknown function  y = f (x) and its derivatives    y, y, …, y
(n)

. 

DE is an expression of the following form    F(x, y, y, y, …, y
(n)

) = 0.     (4.1) 

If    y = f(x) is a function of one independent variable, then DE is called an 

ordinary DE (ODE). 

If  differential equations contain the unknown function of several variables, 

then such equations are called partial differential equations (PDE). 

If the equation (4.1) can be solved for the n-th derivative, it can be written as          

y
(n)

 = f (x, y, y, y, …, y
(n-1)

).                                     (4.1) 
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The highest order of derivative contained by the equation is called the order  

of the differential equation. 

DE (4.1) is called linear if the left side of (4.1) is a polynomial of first degree 

with respect to   y, y, y, …, y
(n)

 (and does not contain any of their products),  i.e. 

DE has the following form 

                         a0(x)y
(n)

+ a1(x)y
(n-1)

+…+ an(x)y = f (x) ,                              (4.2) 

where  a0(x), a1(x), …, an(x) are the coefficients (defined and continuous in some 

interval);  f(x) – the right side of DE. 

The equation (4.2) is called homogeneous (without the right side), if  f(x)  0.   

The equation (4.2) is called nonhomogeneous (with the right side), if  f(x)  0. 

Solution (or integral) of the DE is any function  y = (x), which, when it is 

substituted in equation (4.1), transforms it into an identity. 

Solve (or integrate) the given DE means to find all its solutions in a given 

region. 

Graph of solution is called the integral curve. 

Solution    у =  ( х, С1, С2, …, Сп ), that contains as many independent 

arbitrary constants С1, С2, …, Сп, as the order of the equation, is called the general 

solution of DE (4.1).  

If the general solution is given in implicit form     Ф(х, у, С1, С2, …, Сп ) = 0, 

then it is called the general integral. 

Examples of the simplest DEs: 

1)  y = f(x). 

The general solution:        Cdxxfy )( ,      С – const.                                                                                     

2)  y  = 0. 

The general solution:      y = C1x + C2,      С1 , С2  – const.  

Any solution of DE, which is obtained from the general solution, if we assign 

specific values for arbitrary constants, in it included, is called the particular solution 

of  DE   у =  ( х, С1, С2, …, Сп ), and correspondingly Ф(х, у, С1, С2, …, Сп ) = 0, 

is called the particular integral. 

Example.    у  + у = 0,          

the general solution:            y = C1 sin x + C2 cos x, 

the particular solution:            y = 2 sin x + 5 cos x. 

For a given initial conditions at х = х0:   

                                                                    



















 )1(

00

)1(

00

00

)(

..................

,)(

,)(

nn yxy

yxy

yxy

       (i.c.) 

constants   С1, С2, …, Сп  can be chosen so that the function, which is the solution 

equation (4.1), will satisfy these conditions. 

Thus, we introduce a new notion. 
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Cauchy problem (initial value problem): find the solution y = (x)  of DE 

(4.1), satisfying the initial conditions (i.c.). 

 

Theorem 1.   If  in  equation           y
(n)

 = f (x, y, y, y, …, y
(n-1)

)           function   

 f (x, y, y, y, …, y
(n-1)

)  and its derivatives y, y, y, …, y
(n-1)

  are continuous in a 

region containing the values  

                                  х = х0,  y = у0,  y = у0, 
)1(

0

)1(   пп уу ,  

then there is one and only one solution  y =  (x) of the Cauchy problem.   
 

The 1-st order Differential Equations.  

The 1-st order Differential Equation has the form:  

                                                   F(x, y, y ) = 0,                                                    (4.3) 

or if the equation is resolved with respect to the derivative, then                                                                                     

y = f (x, y).                                                      (4.3) 

The general solution    y =  (x, C)   depends on one arbitrary constant С.                                                           

Theorem 2 (the existence and uniqueness of solution). 

If  DE has a form     y = f(x, y),    f(x, y)  and  f ′y (x, y)  are continuous in 

some region D, containing a point M(x0, y0)D, then  there exists a unique solution  

у =(х) of this equation, satisfying the initial condition:    (x0) = у0 . 

The geometric sense of the theorem: there is a unique function  у = (х), 

whose graph passes through the point (x0, y0). 

Consider the main types of the 1-st order DE. 

 

1) Separable equation.  

DE of the form                 M (x) dx + N (y)dy = 0                                        (4.4) 

is called the equation with separated variables.  

Its general integral  is     СdyyNdxхМ   )()( . 

а)  DE of the form                      y = f (x)g(y)                                             (4.5) 

can be reduced to the equation with separated variables:                      

                                    dxxfdy
yg

)(
)(

1
  (assuming that g(y)  0).  

Integrating, we find the general integral of the equation (4.5):   

  Cdxxf
yg

dy
)(

)(
.                               

b) DE of the form      M1(x)N1(y)dx + M2(x)N2(y)dy = 0                             (4.6) 

is called the equation with separable variables. It can be reduced to an equation with 

separated variables.  

We multiply (4.6) on  
)()(

1

12 yNxM
: 
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                                                0
)(

)(

)(

)(

1

2

2

1  dy
yN

yN
dx

xM

xM
,                   

integrating, we obtain the general solution of equation (4.6): 

                                    Сdy
yN

yN
dx

xM

xM
  )(

)(

)(

)(

1

2

2

1
.                    

2) Homogeneous DE. 

Function  f(x, y) is a homogeneous function of n-th power relative to variables  

х and у    R      f(x, y) = n
 f(x, y). 

Examples.   2

32

),(
x

yyx
yxf


      (n=1);      2

2

),(
y

xxy
yxf


   (n=0). 

If  f(x, y) is a homogeneous function with  n=0, then it is called homogeneous 

function of trivial. 

The equation                          y = f (x, y)                                                    (4.7) 

is called the homogeneous equation of the 1-st order, if  f(x, y) is a homogeneous 

function of trivial relative to variables  х and у. 

Method of solution of homogeneous DE. 

By definition       R      f (x, y) = f (x, y). 

Consider this identity when :
1

x
    ),1(),(

x

y
fyxf  . 

Then the equation (4.7) takes the form:            ),1(
x

y
f

dx

dy
 .                   (4.7′)                                                              

We make the substitution:     
x

y
u          у = их      

         x
dx

du
u

dx

dy
                (4.7′)   ),1( uf

dx

du
xu        

  
x

dx

uuf

du


),1(
– the equation with separated variables. 

By integrating, we find:  C
x

dx

uuf

du


  ),1(
. 

Substituting after integration the ratio 
x

y
instead of и, we obtain the general 

solution of the equation (4.7′).    

Remark. The equation     М(х,у)dx + N(x,y)dy = 0  is the homogeneous 

equation of the 1-st order  М(х,у) and N(x,y) are homogeneous functions of the 

same power. 

 

3) Linear Equations.  

A linear equation is the equation of the first order, linear relative to the 

unknown function and its derivative. It has the form: 
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                                                )()( xgyxp
dx

dy
 ,                                              (4.8) 

where   p(x)  and   g(x)  are given continuous functions of x (or constants). 

 

Methods of linear equations solution: 

а) Bernoulli method.   

We seek the solution of the equation (4.8) in the form   y(x) = u(x)v(x).    (4.9) 

Differentiating both sides of (4.9), we find:      
dx

du
v

dx

dv
u

dx

dy
 .                                                     

Substituting this expression into (4.8), we obtain:  gpuv
dx

du
v

dx

dv
u                     

or                                           g
dx

du
vpv

dx

dv
u 








  .                                      (4.10) 

Choose the function v such that     0







 pv

dx

dv
.                                   (4.11)             

Separating the variables in this DE relative to the function v, we find  

                                                   


 dxxp

eCv
)(

1 . 

Since it is enough to have just one non-zero solution of the equation (4.11), 

then let   C1 = 1, therefore           


 dxxp

ev
)(

.                                                   (4.12)           

It is obvious that v(x) ≠ 0. 

Substituting the obtained value v(x) in the equation (4.10), we obtain 

                      )()( xg
dx

du
xv       

)(

)(

xv

xg

dx

du
              Cdx

xv

xg
u

)(

)(
 .            

Thus,                    )(
)(

)(
)()()( xvCdx

xv

xg
xvxuxvy   . 

b) The method of variation.  

To solve the equation (4.8) firstly we solve the equation: 0)(  yxp
dx

dy
                                        

and replace in the general solution 


 dxxp

eCy
)(

1 constant С1 by the function С1(х), 

such that it satisfies the equation (4.8). 

 

4) The Bernoulli equation.  

Differential equation of the form  

                               
nyxgyxp

dx

dy
)()(  ,   (п ≠ 0, п ≠ 1)                      (4.13)  

is called the Bernoulli equation. 

Methods of solution of Bernoulli equation: 

а) Bernoulli method 
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(find the solution in the form  y(x) = u(x)v(x)  like for linear equations);  

b) substitution    z = y 
-n+1

   reduces the equation 
 
(4.13) to a linear equation 

with respect to the new function z. 

Since    
dx

dy
yn

dx

dz n )1( ,    then   multiplying   the   equation   (4.13)   by  

(–п +1)у 
–п

, we obtain:      )()1()()1( xgnzxpn
dx

dz
 .                         (4.14)             

Solving  this  linear equation  with  respect to  z,  and substituting expression 

y 
-n+1

 instead of z, we find у(х) – the solution of the equation (4.13).
 

 

5) Exact Differential Equations.  

Differential equation of the form     

                                      P(x, y)dx + Q(x, y)dy = 0,                                    (4.15) 

where P(x, y), Q(x, y) are some functions which are continuous together with their 

partial derivatives in some areas and 

                                                              
y

P

x

Q









,                                              (4.16)        

is called the Exact Differential Equations.  

Condition (4.16) is equivalent to that the left side of the equation (4.15) is a 

total differential of some function u(x, y), i.е.           

          P(x, y)dx + Q(x, y)dy = du(x, y)       (4.15)    du(x, y) = 0     u(x, y) = C,  

where 10

00

),(),(),( CdyyxQdxyxPyxu

y

y

x

x

   ((х0, у0) is a point in the 

neighborhood of which there is a solution of DE (4.15)). 

Thus, we obtain the general integral of the equation (4.15): 

                                          CdyyxQdxyxP

y

y

x

x

 
00

),(),( 0 . 

 

2.2  Lecture 5. Higher orders differential equations 

 

Content of the lecture: higher orders differential equations. Cauchy problem. 

Linear homogeneous differential equations. Structure of general solution of linear 

homogeneous differential equations with constant coefficients. 

Aims of the lecture: study the basic concepts of higher orders differential 

equations and methods of solution of linear homogeneous differential equations. 

 

The basic concepts of higher orders differential equations  (HODE). 

Differential equation of the form    F(x, y, y, y, …, y
(n)

) = 0                     (5.1) 

is called the n-th order differential equation.  

If we can find n-th derivative from (5.1), then the equation     

                            y
(n)

 = f(x, y, y, y, …, y
(n-1)

)                                            (5.1) 
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is called the n-th order differential equation solved with respect to the higher 

derivative. 

Differential equation of n-th order is called linear if it is a polynomial of the 

first degree with respect to the unknown function y and its derivatives y, y, …, y
(n)

, 

i.е. it has the form: 

                                      a0(x)y
(n) 

+ a1(x)y
(n-1) 

+…+ an(x)y = f (x),                         (5.1) 

where  a0(x), a1(x), …, an(x)  and  f (x) are the given functions of x or constants, and   

a0(x)  0  for all values of x in the region where the equation (5.1) is considered. 

The function f (x) is called the right-hand side of the equation. 

Further, we assume that a0(x), a1(x), …, an(x) and  f (x) are continuous for all 

values of х, and  a0(x)= 1. 

If  f (x)  0, then the equation (5.1) has the form: 

                                             a0(x)y
(n) 

+ a1(x)y
(n-1) 

+…+ an(x)y = 0                                                                                                        

and is called the homogeneous linear differential equation (without the right part). 

If  f (x)  0, then the equation (5.1) is called the nonhomogeneous linear 

differential equation (with the right part). 

Cauchy problem (initial value problem): find the solution of DE (5.1), 

satisfying the initial conditions (i.c.). 

                                           



























.

..................

,

,

)1(

0

)1(

0

0

0

0

0

nn

xx

xx

xx

yy

yy

yy

                                                (5.2) 

 

Theorem (existence and uniqueness of solution of the Cauchy problem). 

If   DE has a form     y
(n)

 = f(x, y, y, y, …, y
(n-1)

)  and   f(x, y, y, y, …, y
(n-1)

) 

and its partial derivatives (p.d.) with respect to the arguments     y, y, y, …, y
(n-1)

  – 

continuous in some region, containing the values   x = x0 , y = y0 , y = y0 , …, 

,)1(

0

)1(   пп уу  then there is a unique solution   у = у(х) of DE satisfying the initial 

conditions (5.2). 

The function       у =  ( х, С1, С2, …, Сп )  is called the general solution of 

DE (5.1) if: 

а) it satisfies DE (5.1)       С1, С2, …, Сп ; 

b) under given  i.c. (5.2)   we can find such   С1, С2, …, Сп , that   

 у =  ( х, С1, С2, …, Сп ) satisfies these conditions. 

If the general solution is given in implicit form    Ф(х, у, С1, С2, …, Сп ) = 0,  

then it is called the general integral. 

Any solution of DE, which is obtained from the general solution, if we assign 

specific values for arbitrary constants, in it included, is called the particular solution 

of  DE   у =  ( х, С1, С2, …, Сп ), and correspondingly   Ф(х, у, С1, С2, …, Сп ) = 0,  

is called the particular integral. 
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Methods of solution of HODE. 

1. Equations of the form     )()( xfy n  .        

Find the general integral of this equation. 

As   у
(п)

 = (у
(п-1)

) ,  then     

x

x

n Cdxxfy

0

,)( 1

)1(

  where  х0 is any fixed value х.     

Integrating again, we  obtain:  dxdxxfy

x

x

x

x

n

  














0 0

)()2(
.)( 201 CxxC   

Integrating n times, we obtain: 

         dxdxxfy

x

x

x

x

...)(...

0 0

  ....
)!2(

)(

)!1(

)( 2

02

1

01
n

nn

C
n

xxC

n

xxC














 

To find the particular solution satisfying  i.c. (5.2) it is enough to put     

Сп = y0 , Сп-1 = y0 ,…………, .)1(

01

 пуС  

2. HODE admitting order reduction. 

А) Equations of the form                у = f(x, y)                                          (5.3)       

( f  does not contain explicitly у). 

Solution. 

We denote:   y = р.   Then   у = р,      (5.3): р = f(x, р)  – the 1-st order DE. 

General solution:   р = р(х,С1). 

General integral of DE (5.3):             .),( 21  CdxCxpy  

Remark. 

In a similar manner, you can solve DE  у
(п)

 = f ( x, y
(п-1)

),  assuming   y
(п-1)

 = р. 

B)  Equations of the form                у = f(у, y)                                   (5.4)       

( f  does not contain explicitly х). 

Solution. 

We denote:      y = z,   z = z(у).       Then   .z
dy

dz

dx

dy

dy

dz

dx

dz
zy   

 (5.4):       ),( zyf
dy

dz
z    – the 1-st order DE. 

General solution:   z = z(у,С1). 

As          ),( 1Cyz
dx

dy
y  ,  then           .

),( 1

dx
Cyz

dy
  

Integrating this equation, we obtain general integral of the given equation 

(5.4):       Ф(х, у, С1,С2) = 0. 

 

Some properties of homogeneous linear differential equations (HLDE) of the 

2-nd order. 

Theorem 1. 

If  у1 and  у2 are two particular solutions of the 2-nd order HLDE    
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                                                у + а1у + а2у = 0,                                      (5.5) 

then  у1 + у2  – is also a solution of this equation. 

Two solutions of DE (5.5)  у1 and  у2  are called linearly independent on the 

segment a, b, if   .
2

1 const
y

y
  

Otherwise the solutions are linearly dependent,   i.e.     R:      у1 =  у2 . 

Example 1.        у – у = 0, 

Solutions of the equation:       e
x
, e

-x
, 3e

x
, 5e

-x
. 

Here e
x
 and e

-x
 – linearly independent on any segment, because 

.2 conste
e

e x

x

x


      e

x 
 and 3e

x  
– linearly dependent,  because    .

3

1

3
сonst

e

e
x

x

  

                                                                      

If  у1 and  у2  are functions depending on х, then determinant of the form 

2121

21

21

21 ),( yyyy
yy

yy
yyW 


  is called  the Wronskian determinant 

(Wronskian) of given functions. 

Theorem 2. 

If  functions у1 and  у2 are linearly dependent on the segment a, b, then    

.0),( 21 yyW  

Theorem 3. 

If the solutions  of DE (5.5) (у1 and у2 ) are linearly independent on the 

segment a, b, then  0),( 21 yyW   at any point of the segment. 

Theorem 4. 

If    у1  and   у2  are two linearly independent  solutions  of   DE  (5.5),  then   

у = С1у1 + С2у2    is the general solution,  (where С1 and С2 – arbitrary constants). 

Theorem 5. 

Whatever the i.c.      ,00
yy xx         ,00

yy xx


  

we can choose values  С1 ,  С2 ,   so that    С1 у1 + С2 у2   satisfies the given i.c. 

  

Homogeneous linear differential equations of higher order with constant 

coefficients. 

1. Homogeneous LDE of 2-nd order with constant coefficients. 

                  у + pу + qу = 0,                       p, q R.                                  (5.6)   

It is enough to find two linear independent particular solutions (p.s.).  

Let us seek р.s. in the form:                y = e
kx

,                                             (5.7)                               

where  k – const ,  

then   y′ = ke
kx

,   y′′ = k
2
e

kx
,   (5.6):    e

kx
( k

2
 + pk + q) = 0. 

As   e
kx 

≠ 0 , then                         k
2
 + pk + q = 0.                                        (5.8) 

 k  satisfies (5.8)   e
kx

 – the solution of (5.6). 

k
2
 + pk + q = 0   –    the characteristic   equation   for  DE (5.6). 

The roots of the characteristic equation:       
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                    q
pp

k 
42

2

1  ,             q
pp

k 
42

2

2 . 

Cases are possible:     

1)   k1 , k2  R  ( k1 ≠ k2 );         2)   k1 , k2  C;         3)   k1 , k2  R  ( k1 = k2 ). 

Consider these cases. 

1)   k1 , k2  R  ( k1 ≠ k2 ),          p.s.:  ,1

1

xk
ey    

xk
ey 2

2  . 

y1, y2  – linearly independent        
xkxk

eCeCy 21

21     – the general solution. 

2)   k1 , k2  C,        ik 1 ,       ik 2 ,    ,
2

p
   

4

2p
q  , 

p.s.:   ,cos1 xey x      ,sin2 xey x    

             

)sincos(sincos 2121 xCxCexeCxeCy xxx     – the general solution. 

Particular case:   purely imaginary roots ( = 0)     р = 0:       у + qу = 0, 

xCxCy  sincos 21     – the general solution. 

 

3)   k1 , k2  R  ( k1 = k2 ),         xk
exCCy 1

21     – the general solution. 

 

2. Homogeneous LDE of п -th order with constant coefficients. 

                                     y
(n)

+ a1y
(n-1)

+…+ any = 0,                                        (5.9) 

 a1, …, an – given coefficients. 

Find the general solution according to plan: 

1) find characteristic equation; 

2) find roots of characteristic equation:   k1, k2, …, kп; 

3) by the nature of roots we find p.s. (п linearly independent p.s.); 

4)  construct the general solution. 

Example.    Find the general solution for the  equation  09  yy .  

093  kk      092  kk      








ik

ik

3

3

2

1

( 0 ,  3 ) ,    k3 = 0, 

  хx еСxCxCey 0

321

0 3sin3cos  
       321 3sin3cos СxCxCy  . 

Remark.  

The difficulty of solving of HLDE of п-th order with constant coefficients is 

to solve the characteristic equation. 

 

2.3  Lecture 6. Nonhomogeneous linear differential equation 

 

Content of the lecture: nonhomogeneous linear differential equation. 

Equations with special right part. Variation of arbitrary constant method. 

Aims of the lecture: study the basic methods of solution of nonhomogeneous 

linear differential equations. 
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Nonhomogeneous linear equations of 2-nd order. 

                                 у + а1у + а2у = f(x),                                                  (6.1) 

the corresponding homogeneous еquation:    у + а1у + а2у = 0.                         (6.2) 

Theorem 1. 

Suppose that   у
    

is any particular solution of equation (6.1), y  is  the general 

solution of the corresponding homogeneous equation (6.2). 

Then the general solution of the nonhomogeneous equation (6.1) can be 

represented as the sum         
 уyуgsn . 

General method of finding a particular solution of the nonhomogeneous 

equation.  

The method of variation of arbitrary constants. 

The general solution of (6.2) has the form:     у = С1у1 + С2у2 ,                 (6.3) 

where    у1 , у2 are linearly independent solutions of (6.2). 

Suppose that С1 , С2 – some functions of х.  

We differentiate equality (6.3):       у =С1у1+С2у2+С1у1+С2у2 . 

We choose С1, С2 so that               С1у1 + С2у2 = 0.                                  (6.4) 

Thus      у = С1у1 + С2у2,  so    у = С1у1 + С2у2 + С1у1 + С2у2 . 

 

Substituting  у, у, у at (6.1), we obtain:              

       С1у1+С2у2+С1у1+С2у2  +а1(С1у1+С2у2)+а2(С1у1+С2у2)=f(x)   

or          

            С1(у1+а1у1+а2у1)+С2(у2+а1у2+а2у2)+С1у1+С2у2= f(x). 

As  у1, у2 are the solutions of the homogeneous equation (6.2), then the last 

equation becomes:   

                                             С1у1 + С2у2 = f(x).                                       (6.5) 

Thus  function  (6.3) is a solution of DE (6.1), if  С1, С2  satisfy to (6.4), (6.5),  

i.e. if            С1у1 + С2у2 = 0,  

          С1у1 + С2у2 = f(x).  

As    0),( 21 yyW , the system is solvable, i.е.   С1 = 1(х),   С2 = 2(х). 

Then    ,)( 111 CdxхС      ,)( 222 CdxхС   where 21,CС are the 

constants of integration. 

Substituting these expressions in (6.3), we find the general solution of 

nonhomogeneous equation. 

Example. 

Find the general solution of equation       х
х

у
у 


 . 

Solution. 

Find the general solution of homogeneous equation  0



х

у
у : 
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ху

у 1





    xCy lnln          у = С1х

2
 + С2 . 

Define С1, С2:       С1х
2
 + С21 = 0, 

   2С1х + С2 0 = х. 

Solving this system, we find:       .
2

,
2

1 2

21

х
СС   

Then   ,
2

11 С
х

С     .
6

2

3

2 С
х

С   

Thus           
62

33

2

2

1

хх
СхСу      or          .

3

3

2

2

1

х
СхСу   

 

Theorem 2. 

Solution  у

 of equation  у + а1у + а2у = f1(x) + f2(x)    can be represented as   

у

 = у1


 + у2


,  where  у1


 and  у2

  
are respectively the solutions of the equations: 

                у1
 + а1у1

 + а2у1

 = f1(x), 

                у2
 + а1у2

 + а2у2

 = f2(x). 

 

Nonhomogeneous linear equations of 2-nd order with constant coefficients 

and with a special right-hand side. 

We consider the equation of the form 

                           у + ру + qу = f(x),       p, q  R.                                      

Method of selection of a particular solution. 

1.     f(x) = Pn(x) e
x

 ,     Pn(x) – polynomial of the n-th degree. 

a) if the number  is not a root of the characteristic equation  k
2
 + pk + q = 0, 

then                       y

 = (A0x

n
 + A1x

n-1
 + … + An )e

x
 = Qn(x)e

x
;                                   

b) if the number   is simple (single) root of the characteristic equation, then 

                                               y

 = хQn(x)e

x
; 

c) if the number   is the double root of the characteristic equation, then                       

                                               y

 = х

2
 Qn(x)e

x
. 

Example. Find the general solution of equation       у + 4у + 3у = x. 

Solution. 

The general solution of the corresponding homogeneous equation: 

                                            
хх еСеСу 3

21

  .  

As    f(x) = x = P1(x)e
0x

, so look for a particular solution in the form: 

                         y

 = Q1(x)e

0x
 = А0х + А1. 

Substituting this expression in a given DE, we have:    

                                         4А0 + 3 (А0х + А1) = х, 

from this equation we get        А0 = 1/3,   А1 = –4/9. 

Consequently       .
9

4

3

1
 ху  
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General solution:   .
9

4

3

13

21   хеСеСу хх

      

 

2.  f(x) = P(x)e
x

cosx +Q(x)e
x

sin x,             P(x), Q(x) – polynomials.    

 

а) if the number   i  is not a root of the characteristic equation, then   

                             y

 = U(x)e

x 
cosx + V(x)e

x 
sinx; 

where U(x), V(x) – polynomials whose degree is the highest degree of polynomials 

P(x), Q(x). 

b) if the number   i  is a root of the characteristic equation, then    

                             y

 = хU(x)e

x
cosx + V(x)e

x
sinx. 

Special case:       f(x) = М
 
cos x + N

 
sin x,  where   М, N – constants. 

а) if the number i  is not a root of the characteristic equation, then        

                                    y

 = А

 
cos x + В

 
sin x; 

b) if the number i  is a root of the characteristic equation, then  

                                 y

 = х А

 
cos x + В

 
sin x . 

 

Example. Find the general solution of equation      у + 2у + 5у = 2 cos x. 

Solution.  

The general solution of the corresponding homogeneous equation:             

                                     )2sin2cos( 21 xCxСеу х  
. 

Look for a particular solution in the form:          y

 = А

 
cos x + В

 
sin x. 

Substituting  y

 at given equation, we have:    

– А
 
cos x – В

 
sin x + 2(– А sin x + В cos x) + 5(А

 
cos x + В

 
sin x) = 2 cos x. 

Equating the coefficients of cos x  and 
 
sin x, we obtain:    – А + 2В + 5А = 2, 

              – В – 2А + 5В = 0,  

from this we get:        А = 2/5,  В = 1/5. 

The general solution:   )2sin2cos( 21 xCxСеу х .sin
5

1
cos

5

2
xx   

 

Nonhomogeneous linear equations of higher order with constant coefficients. 

             y
(n)

+ a1y
(n-1)

+…+ any = f(x)                                       (6.6) 

Let                 пп уСуСуСу  ...2211                                                     (6.7) 

– the general solution  of  homogeneous equation     

                                              y
(n)

+ a1y
(n-1)

+…+ any = 0.                                         (6.8) 

 

Theorem. 

If у – the general solution  of   homogeneous equation (6.8), and у
 

– the 

particular solution of nonhomogeneous equation (6.6), then  у = у + у
  

 is the 

general solution of  nonhomogeneous equation (6.6). 
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The method of variation of arbitrary constants. 

Let the general solution of the corresponding homogeneous equation is 

known        пп уСуСуСу  ...2211 .        

Assuming that  С1, С2, …, Сп  – functions of  х,  set up a system: 



























).(...

,0...

............................................

,0...

,0...

)1()1(

22

)1(

11

)2()2(

22

)2(

11

2211

2211

xfуСуСуС

уСуСуС

уСуСуС

уСуСуС

п

пп

пп

п

пп

пп

пп

пп

     

This system is solvable with respect to    С1 ,  С2 , …, Сп .    
The general solution of  this system is:     

  ,111 CdxСС              

  ,222 CdxСС   

      ……………….. 

        .ппп CdxСС    

In this case,     пп уСуСуСу  ...2211      is the general solution of the 

nonhomogeneous equation. 

 

Nonhomogeneous linear equations of higher order with constant coefficients 

and with a special right-hand side. 

Consider special cases: 

1)     f(x) = Pn(x) e
x

 ,        where    Pn(x) is a polynomial of the n-th degree: 

a) if number  is not a root of characteristic equation, then    

                       y

 = Qn(x)e

x
;                                   

b) if number   is a root of multiplicity  of characteristic equation, then        

y

 = х


 Qn(x)e

x
. 

2)     f(x) = М
 
cos x + N

 
sin x,        where   М, N – constants: 

а) if the number i  is not a root of characteristic equation, then  

                                     y

 = А

 
cos x + В

 
sin x; 

b) if the number i  is a root of multiplicity  of characteristic equation, then               

y

 = х


 А

 
cos x + В

 
sin x . 

3)    f(x) = P (x) e
x 

cos x + Q (x) e
x 

sin x, where  P(x), Q(x) – polynomials:    

а) if the number   i  is not a root of characteristic equation, then     

   y

 = U(x) e

x 
cos x + V (x) e

x 
sin x, 

where U(x), V(x) – polynomials whose degree is the highest degree of polynomials 

P(x), Q(x); 

b) if the number   i  is a root of multiplicity  of characteristic equation, 

then  

            y

 = х


 U(x) e

x 
cos x + V (x) e

x 
sin x . 
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Example.  Find the general solution of the equation          у
(4) 

– у = 5 cos x.   

Solution.  The roots of characteristic equation   k
4
 – 1 = 0: 

                              k1 = 1,   k2 = – 1,   k3 = i,   k4 = – i.  

                          .sincos 4321 xCxСеСеСу хх  
 

As  i is a simple root of characteristic equation, then we are looking for a 

particular solution in the form: 

         y

 = х(А

 
cos x + В

 
sin x). 

Substituting  y

 at the given equation, we have:        

                             4А
 
sin x – 4В cos x = 5 cos x. 

Equating the coefficients of cos x  and 
 
sin x, we obtain:  4А = 0,     – 4В = 5, 

consequently,         xxy sin
4

5*  .  

So the general solution:   xCxСеСеСу хх sincos 4321  xx sin
4

5
. 

 

2.4  Lecture 7. System of differential equations 

 

Content of the lecture: system of differential equations. Cauchy problem for 

normal system of differential equations. Elimination method. Structure of general 

solution. 

Aims of the lecture: study the basic concepts of system of differential 

equations and methods of its solution. 

 

The 1-st order system of DE. 

The equations of the form 





















),,...,,,(

........................................

),,...,,,(

),,...,,,(

21

212
2

211
1

nn

n

n

n

yyyxf
dx

dy

yyyxf
dx

dy

yyyxf
dx

dy

                           (7.1) 

are called  the first order normal system of DE of unknown functions   у1(x), у2(x), 

…, уп(x). 

Solve (integrate) system means to define functions у1(x), у2(x), …, уп(x), 

satisfying the system (7.1). 

Solve the Cauchy problem means to define functions у1(x), у2(x), …, уп(x), 

satisfying the system (7.1) and the initial conditions (i.c.): 

                  ,)( 101 0
уу хх    ,)( 202 0

уу хх       .)(..., 00 пххп уу                (7.2)     

The integration of the system (7.1) is performed as follows. 

We differentiate the first equation of the system (7.1) with respect to x: 
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                                 .... 11

1

11

2

1

2

dx

dy

y

f

dx

dy

y

f

x

f

dx

yd n

n












  

After replacement         n
n ff

dx

dy

dx

dy
,...,,..., 1

1   

from the equations (7.1), we obtain:           ).,...,,( 122

1

2

nyyxF
dx

yd
  

Differentiating the resulting equation and carrying out the procedure similar 

to the previous, we find: 

                                  ).,...,,( 133

1

3

nyyxF
dx

yd
  

Continuing further in the same way, we obtain: 

                                   ).,...,,( 1
1

nпп

п

yyxF
dx

yd
  

So, we obtain the following system: 

   





















).,...,,,(

........................................

),,...,,,(

),,...,,,(

21
1

2122

1

2

211
1

nnn

n

n

n

yyyxF
dx

yd

yyyxF
dx

yd

yyyxf
dx

dy

                                      (7.3) 

From the first (n–1) equations we define у2, у3, …, уп , expressing them in 

terms of х, у1 and derivatives  :,...,,
1

1

1

2

1

2

1





п

п

dx

yd

dx

yd

dx

dy
 

























).,...,,,(

........................................

),,...,,,(

),,...,,,(

)1(

111

)1(

11133

)1(

11122

п

nп

п

п

yyyxу

yyyxу

уyyxу







                                   (7.4) 

Substituting these expressions in the last equation in (7.3), we obtain the 

equation of n-th order for determining у1: 

 ).,...,,,( )1(

111
1  п

п

п

yуyxФ
dx

yd
                                  (7.5) 

Solving this equation, we find у1: 

   )....,,,( 2111 nСССxу                                          (7.6) 

Differentiating the last expression (n–1) times, we find the  

                                          1

1

1

2

1

2

1 ,...,,




п

п

dx

yd

dx

yd

dx

dy
    

as functions of   х, С1, С2,…, Сп. 
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Substituting these functions in the equation (7.4), define у2, у3, …, уп: 

  



















).,...,,,(

........................................

),,...,,,(

),,...,,,(

21

2133

2122

пnп

п

п

СССxу

СССxу

СССxу







                                          (7.7) 

Thus (7.6), (7.7) – the general solution of the system (7.1). 

In order for the resulting solution satisfies to i.c. (7.2), it is necessary to find 

from the equations (7.6) and (7.7) the corresponding constants С1, С2,…, Сп. 

Remark. 

If the system (7.1) is linear with respect to the unknown functions, then the 

equation (7.5) is linear. 

 

Example 1. 

Solve the system:       












,234

,

xzy
dx

dz

xzy
dx

dy

                                                   (a) 

with i.c.                                  (у)х=0 = 1,  (z)x=0 = 0.                                                  (b) 

Solution. 

1)                .1
2

2


dx

dz

dx

dy

dx

yd
 

Using (a), we obtain: 

1)234()(
2

2

 xzyxzy
dx

yd
 

or 

                 .1323
2

2

 xzy
dx

yd
                                                   (c) 

2) From the 1-st equation of the system (a): 

                              ,xy
dx

dy
z                                                             (d) 

then  (c):    13)(23
2

2

 xxy
dx

dy
y

dx

yd
 

or 

.152
2

2

 xy
dx

dy

dx

yd
                                                (e) 

 

The general solution of the equation (e): 

у = (С1 + С2х)е
-х
 + 5х – 9                                                 (f) 

and based on (e), we obtain: 

z = (С2 – 2С1 – 2С2х)е
-х
 – 6x + 14.                                   (g) 
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Using i.c. in (f), (g), we obtain: 

    1 = С1 – 9,      0 = С2 – 2С1 + 14, 

from which we have:    С1 = 10,  С2 = 6. 

Thus,        у = (10 + 6х)е
-х
 + 5х – 9                                                                  

 

and based on (d), we obtain:   z = (– 14 – 12х)е
-х
 – 6x + 14. 

 

System of linear differential equations (LDE) with constant coefficients. 

Consider the normal system of LDE of the first order with constant 

coefficients. 





















,...

................................................

,...

,...

2211

2222121
2

1212111
1

nnnnn
n

nn

nn

xaxaxa
dt

dx

xaxaxa
dt

dx

xaxaxa
dt

dх

                                   (7.8) 

where   аij   – constant numbers  ( mi ,1   (from  1  to  m), nj ,1  (from  1  to  n)),  

t – argument,  х1, х2, …, хп –  unknown functions. 

 

We shall look for the solution in the form 

x1=1e
kt
,  x2=2e

kt
, …,  xn=ne

kt
,                                     (7.9)    

where 1 , 2 , …, n ,  k – coefficients. 

 

Substituting in the (7.8): 

                          



















.)...(

.............................................................

,)...(

,)...(

2211

22221212

12121111

kt

nnnnn

kt

n

kt

nn

kt

kt

nn

kt

eaaaek

eaaaek

eaaaek







  

Dividing by e
kt
 : 

                             



















.0)(...

.......................................................

,0...)(

,0...)(

2211

2222121

1212111

nnnnn

nn

nn

kaaa

akaa

aaka







                          (7.10) 

 

The determinant of the system (7.10): 
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kaaa

akaa

aaka

k

nnnn

n

n









...

............

...

...

)(

21

22221

11211

 ,                    (7.11) 

    0   1 = 2 = …= п = 0    х1(t) = х2(t) = … = хn(t)  0.  

 

Non-trivial solutions exist    = 0.    

So we obtain the characteristic equation for the system (7.8): 

 .0

...

............

...

...

21

22221

11211









kaaa

akaa

aaka

nnnn

n

n

                              (7.12) 

  

Its roots – the roots of the characteristic equation. 

 

Consider  the  special  case,   when  the  roots  of  the  characteristic  equation  

k1, k2, …, kn are real and distinct. 

For each  ki  we determine the coefficients   
)()(

2

)(

1 ,...,, i

n

ii   from the system 

(7.10). 

Thus we obtain: 

for k1 the solution of the system (7.8): 

,1)1(

1

)1(

1

tk
ex     ,1)1(

2

)1(

2

tk
ex     ...,    ;1)1()1( tk

nn ex   

for k2 the solution of the system (7.8): 

,2)2(

1

)2(

1

tk
ex     ,2)2(

2

)2(

2

tk
ex    ...,    ;2)2()2( tk

nn ex   

  …………………………………. 

for kп the solution of the system (7.8): 

,)(

1

)(

1

tkпп пex     ,)(

2

)(

2

tkпп пex  ...,    .)()( tkп

n

п

n
пex   

The general solution of the system (7.8): 

  



















,...

.............................................................

,...

,...

)()2(

2

)1(

1

)(

2

)2(

22

)1(

212

)(

1

)2(

12

)1(

111

21

21

21

tkn

nn

tk

n

tk

nn

tkn

n

tktk

tkn

n

tktk

n

n

n

eCeCeCx

eCeCeCx

eCeCеСх







                    (7.13) 

where С1, С2,…, Сп – arbitrary constants. 

Example.  
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Find the general solution of the system    














.3

,22

21
2

21
1

xx
dt

dx

xx
dt

dx

 

Solution. 

The characteristic equation:   .0
31

22






k

k
 

The roots of the characteristic equation:    k1 = 1,  k2 = 4. 

We are looking for the solution of the system in the form: 

     ,)1(

1

)1(

1

tex     
tex )1(

2

)1(

2       and      ,4)2(

1

)2(

1

tex     .4)2(

2

)2(

2

tex   

Compose the system (7.10) for k1 = 1: 









.0)13(1

,02)12(
)1(

2

)1(

1

)1(

2

)1(

1




 

The solution of this system is        
)1(

1

)1(

2
2

1
  . 

Assuming, that   ,1)1(

1     we obtain:   
2

1)1(

2  . 

Thus, the first solution of the system is 

     ,)1(

1

tex        .
2

)1(

2

te
x   

Similarly, the second solution of the system is 

     ,4)2(

1

tex        .4)2(

2

tex   

The general solution of the system: 

     ,4

211

tt eСeСx        .
2

4

2
1

2

t
t

eC
eC

x   

 

3 Series 

 

3.1 Lecture 8. Numerical series 

 

Content of the lecture: numerical series. Convergence and sum of series. 

Necessary condition for convergence. Series with positive terms, its convergence 

tests. Alternating series. 

Aims of the lecture: study the basic concepts of numerical series and 

conditions for convergence of series. 
 

 The expression of the form     
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                                   





1

321 ,......
n

nn uuuuu                                       (8.1) 

where   ип  R  (n = 1, 2, …) is called a numerical series. Numbers  и1, и2, …, ип, … 

are called terms of the series, number   ип –  general term of the series. 





n

i

in uS
1

  –  n-th partial sum;          





1ni

in иr   –  remainder of the series.         

If there is a finite limit n
n

SS


 lim , then it is called the sum of the series 

(8.1), and the series (8.1) is called convergent. If  n
n

S


lim  does not exist (in 

particular infinite), then (8.1) is divergent. 

Theorem (necessary condition for convergence of series). If the series (8.1) 

converges, then  0lim 


п
n

и . 

The converse statement is not true. 

Example. The harmonic series ...
1

...
4

1

3

1

2

1
1 

п
 diverges, although  

0
1

limlim 
 n

и
n

п
n

. 

Theorem (sufficient condition for divergence of series). If  0lim 


п
n

и , then 

the series (8.1) diverges.  

Remark. The convergence or divergence of the series of numbers is not 

disturbed, if we reject any finite number of terms in it. But its sum is changed in this 

case, if it exists. 

 

Series with positive terms. 

If all terms of series  ип > 0, then the series is called positive series. 

Consider two series 

u1 + u2 + u3 +…+ un+…,           ui > 0,                                     (8.1) 

v1 + v2 + v3 +…+ vn+…,            vi > 0.                                     (8.2)                     

 

Convergence criterions of positive series: 

1) Comparison of series with positive terms. 

Theorem 1  (1-st comparison test).  

If          un  vn ( п = 1, 2, …),                                                                      (8.3)                                    

then:   

а) if the series (8.2) converges, then the series (8.1) converges; 

b) if the series (8.1)  diverges, then the series (8.2) diverges. 

Remark. 

Theorem 1 also holds in the case when (8.3) begins to be performed only for 

n  N, but not for all  п = 1, 2, 3, … 
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Theorem 2 (2-nd comparison test).  

If there is the ratio limit of general terms    ,lim A
v

и

п

n

n



   ( А ≠ 0,   А ≠ ∞),  

then the series (8.1) and (8.2) converge or diverge simultaneously. 

Remark.   Convergence of many series can be investigated by comparing them 

with the Dirichlet series: 


1

1

n
pn

, where the convergence depends on the parameter р:  

if 1p , then series converges, if 1p , then series diverges . 

 

2) D'Alembert's test. 

Theorem.  

If for series with positive terms       u1 + u2 + u3 +…+ un+…,      ui > 0                                                                  

there is the finite limit of  ratio      ,lim 1 l
и

и

п

n

n



             

then:   

1) the series converges if  l  1;    

2) the series diverges if  l  1. 

(If  l = 1, then the theorem does not answer the question of the convergence 

or divergence of the series). 

 

3) The radical Cauchy criterion. 

Theorem.  

If for series with positive terms   u1 + u2 + u3 +…+ un+…,    ui > 0   there is 

the finite limit    ,lim lип
п

n



            

then:   

1) the series converges if  l  1;   

2) the series diverges if  l  1. 

(If  l = 1 then the test is inconclusive). 

 

4) The integral test.  

Theorem. 

Let the terms of the series     u1 + u2 + u3 +…+ un+…,   are positive and do not 

increase, i.e.      u1  u2  u3 …    and let  f (x)  is continuous and not increasing 

function that  

                     f(1) = u1,  f(2) = u2, …,  f(п) = uп .         

Then the series 


1i

iu  and the improper integral 


1

)( dxxf  converge or diverge 

simultaneously. 
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Alternating series. 

The expression of the form     

         u1 – u2 + u3 – u4 +…    





1

1)1(
п

п

п и  ,  

where   u1, u2 , …, uп ,… are positive, is called the alternating series. 

The Leibniz theorem. 

If for the series        u1 – u2 + u3 – u4 +…,    ( uп  0 )                                  (8.4) 

the following two conditions hold:  1) u1  u2  u3  …                                       (8.5) 

                                              ,0lim)2 


n
n

и                                                  (8.6) 

then the alternating series (8.4) converges   and     0  s  u1  . 

Remark 1.  The Leibniz theorem holds if the inequality (8.5) is satisfied, 

since some N. 

Remark 2.  The Leibniz theorem is illustrated geometrically: if we mark the 

partial sums on the number line (Figure 8.1):  

             s1 = u1,      s2 = u1 – u2 = s1 – u2,    s3 = s2 + u3,    s4 = s3 – u4,  … , 

then the points corresponding to the partial sums will be approaching to a point s, 

which corresponds to the sum of the series. In this case                              

                                      s2  s4  s6  … s  … s5  s3  s1. 
 

                                       
                                                         Figure 8.1 

 

Remark 3. (Estimate of the remainder of the series).        

If the alternating series satisfies the Leibniz conditions, then  







1

1)1(
ni

i

i

n иr  – the alternating series with the first term (–1)
п+2 

ип+1, 

consequently,       | rn | < ип+1 . 

Thus (since   s = sп+ rn) the error estimate:   | s – sп | < ип+1 , i.e. errors made 

by replacing s by sп does not exceed the absolute value of the first discarded term. 

 

Alternating series (the general case). 

The alternating series – the series which terms can be both positive and 

negative. 

Theorem 1 (a sufficient condition for the convergence of alternating series). 

If the alternating series              u1 + u2 + u3 +…+ un+…                             (8.7) 

such that the series                          |u1| + |u2 |+ |u3 |+…+ |un|+…                           (8.8) 

converges, then the given alternating series also converges. 
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The alternating series (8.7) is called absolutely convergent if the series of 

absolute values of its terms (8.8) converges. 

If the alternating series (8.7) converges, and the series of absolute terms (8.8) 

diverges, then the given alternating series (8.7) is called conditionally (or not 

absolutely) convergent. 

 

Properties of absolutely convergent and conditionally convergent series. 

Using the notion of absolute convergence Theorem 1 is formulated as 

follows: every absolutely convergent series is convergent. 

Theorem 2. 

If the series converges absolutely, it is absolutely convergent for any 

rearrangement of its members. Here the sum of the series does not depend on the 

order of its members. 

Theorem 3. 

If the series converges conditionally, then, for any number A, we can 

rearrange the terms of this series that its sum will be equal to A.  

Furthermore, we can rearrange the terms of a conditionally convergent series 

such that the resulting series will be divergent. 

Example. 

                ...
1

)1(...
4

1

3

1

2

1
1 1  

п

п
 

Series converges conditionally. Rearranging the terms of this series, you can 

change the value of the sum. 

 

3.2 Lecture 9. Functional series 

 

Content of the lecture: functional series. Convergence domain. Power series. 

Abel theorem. Radius of convergence. Convergence interval, convergence domain.  

Aims of the lecture: study the basic concepts of functional series and 

conditions for convergence of functional series. 
 

The expression of the form  

                            





1

321 )(...)(...)()()(
n

nn xuxuxuxuxu ,                 (9.1) 

where   ип (х) (n = 1, 2, …) – functions of х, is called the functional series.    

For certain values of х  (х = хk) we obtain 

              u1(хk) + u2 (хk) +…+ un(хk) +…     

– numerical series (it can be convergent or divergent). 

If this series converges, then хk is the convergence point of functional   series. 

The domain of convergence – the set of x values  for which the functional   

series converges. 

In the domain of convergence there is a sum of series s(x). 
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Example. 

                  1 + х + х
2
 + … + 

 
х

п
 + … 

The functional series converges in the interval (–1, 1),  

i.e.  when  ׀х1>׀  then    
x

xs



1

1
)( . 

The sum   



n

i

in xuxs
1

)()(   is called the partial sum. 

If the functional series converges, then          s(x) = sn(x) + rn(x) , 

where the sum   

rn(x) =   un+1(х) + un+2 (х) +…   

is called the remainder of the series (9.1). 

                             

For every x in the domain of convergence:       

  0)()(lim)(lim 


xsxsxr n
n

n
n

. 

The functional series (9.1) is called dominant in a certain domain (D) if  

 convergent numerical series     1 + 2 + …+ n+…,             (i  0)               (9.2) 

such that     xD  ui(х)≤ i         ( i = 1, 2, …) .                    

 

Theorem (continuity of the sum of functional series). 

The sum of dominant on a, b series of continuous functions is a function 

continuous on this interval. 

Theorem (integration of functional series). 

If (9.1) – dominant on a, b series,     , хa, b, then  











11

)()(
i

х

i

x

i

i dttudttu


.                                            ()   

Remark 1. If (9.1) is not dominant on a, b series, then () is not always 

possible. 

Theorem (differentiation of functional series). 

If (9.1) – a functional series of functions with continuous derivatives on a, b 

– converges on  a, b  to  s(x)  and   






1

)(
i

i xu    – is dominant on  a, b  series, then    

      






















11

)()(
i

i

i

i xuxu . 

Remark.  Requirement of dominant series of derivatives is substantially. 

 

Power   series. 

The series of the form 

а0 + а1х + а2х
2
 + … + ап

 
х

п
 + …  ,                        (9.3) 
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where   аi are coefficients of power series (constants), i = 0, 1, 2, …, n, is called the 

power series. 

The domain of convergence of the power series is always an interval, which, 

in particular, may degenerate to a point. 

Theorem 1 (Abel's theorem). 

1) If power series converges at some х0  0, then (9.3) converges absolutely 

for    х:   х< х0 ; 

2) if power series diverges at some х1, then (9.3) diverges for  х:  х> х1 . 

Theorem 2.  

The domain of convergence of power series is the interval centered at 0. 

(–R, R) – the interval of convergence of power series, if: 

х(–R, R) (9.3) is an abs. convergent series; 

х > R  (9.3) is a divergent series. 

R – the radius of convergence of power series. 

At х =  R convergence is considered individually. Cases are possible:             

R = 0,  R = . 

 

Methods for R determining. 

Applying the D'Alembert's test:   
1

lim





n

n

n a

a
R .          

Applying the radical Cauchy criterion:   
n

n
n a

R
1

lim


 . 

Theorem 3.  

Power series with radius of convergence R is dominant on ,,  ( < R ). 

 

Theorem 4. 

For power series (9.3) with radius of convergence R the series of derivatives: 

(х) = а1 +2 а2х +…+п ап х
п-1

+         

has the same interval of convergence and      






















11 i

i

i

i

i

i xaxa . 

The process can be extended to any derivative. 

 

Series  by  powers (х- х0).  

The series of the form       

       





0

00

2

02010 ......
n

n

n

n

n xxaxxaxxaxxaa   

is called the series  by  powers (х  xo). 

This is a general case of power series. 
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Interval of convergence of this series is the interval (x0  R; x0 + R) with 

center at x0. The number R is a radius of convergence of the series , it is calculated 

as in the previous case. 

 

3.3 Lecture 10. The Taylor and Maclaurin series 

 

Content of the lecture: the Taylor and Maclaurin series. Application of power 

series in approximate computations.  

Aims of the lecture: study the basic concepts of the Taylor and Maclaurin 

series. 

 

Suppose that f(x) – function having derivatives up to the (n +1)-th order, in 

the neighborhood of the point   x = a. 

Then Taylor's formula is valid: 




 )(
1

)()( af
ax

afxf 



...)(

21

)( 2

af
ax

).()(
!

)( )( xRaf
n

ax
n

n
n




     (10.1)                                                    

The remainder term is calculated by the formula 

 ,)(
)!1(

)(
)( )1(

1

axaf
n

ax
хR n

n

n 



 



             0 < θ < 1. 

Suppose that in the neighborhood of the point   x = a:            .0)(lim 


xRn
n

 

Passing to the limit in (10.1) when п   ,  we obtain the Taylor series 




 )(
1

)()( af
ax

afxf   



...)(

21

)( 2

af
ax

...)(
!

)( )( 


af
n

ax n
n

         (10.2) 

The equality (10.2) is valid only if  Rn(x) → 0  when  п → ∞.  

In this case, the series converges and its sum is    f(x). 

Remark.  

The Taylor series represents given function  f (x) only when  .0)(lim 


xRn
n

 

If    ,0)(lim 


xRn
n

the series does not represent given function, although it 

may converge. 

If  a = 0, then we get the special case of the Taylor series, namely the 

Maclaurin series: 

            )0(
1

)0()( f
x

fxf  ...)0(
!2

2

f
x

...)0(
!

)(  n
n

f
n

x
           (10.3) 

 

Examples of expansions of functions in Maclaurin series. 

1.    ...
!5!3

sin
53 xx

xx ...
)!12(

)1(
12

1 







n

x n
n

             (– < x < );   
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2.    ...
!6!4!2

1cos
642 xxx

x ...
)!2(

)1(
2


n

x n
n

          (– < x < );       

3.   ...
!

...
!3!2

1
32


п

хxx
хе

п
х

                              (– < x < );                          

If we replace x by (– x), we obtain: 

...
!

)1(...
!3!2

1
32



п

хxx
хе

п
пх

                 (– < x < ); 

4.   ...)1(...
432

)1ln( 1
432

 

п

хxхx
xx

п
п

     ( 11  x );                          

5.   ...
!1

)1(
1)1( 2 


 x

mm
mxx т ...

!

)1)...(1(



 nx

n

nmmm
,         

where   т – an arbitrary constant number,                            ( 11  x ); 

In particular, 

if   т =  –1:              ...1
1

1 32 


хxx
х

                              ( 11  x );                            

if  
2

1
т :            ...

642

31

42

1

2

1
1)1( 32 







 хxxx               ( 11  x );                     

if  
2

1
т :          ...

642

531

42

31

2

1
1

1

1 32 











хxx

х
          ( 11  x ).                               

 

Application of power series in approximate computations.  

We consider the Taylor and Maclaurin series. 

To compute approximately an expression, we shall find the model-function 

f(x) and generate it into a series. Take a quantity of terms, which provides the 

required accuracy, namely: if any term of series does not influence the given 

accuracy, then it and next terms of series can be truncated. 

Example. 

Compute approximately 
4

1

4

1 

 e
e

.  

We take the Maclaurin series for e
x
: 

...
!

...
!3!2

1
32


п

хxx
хе

п
х

 . 

Substitute in series 
4

1
х : 

...
!4256

1

!364

1

!216

1

4

1
14

1













е  . 

Thus, we can fix accuracy of computation and truncate the noninfluential 

terms. 
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Computation of definite integrals using series. 

Suppose that the following integral is given 


b

a

dxxf )( . 

Suppose that the function is too complex, hardly integrated, then we generate 

f(x) into power series:  





1

)(
n

n

n xaxf . 

Integrating term by term, we get 

 





1

)(
n

b

a

n

n

b

a

dxxadxxf . 

We know that in Mathematical analysis the integrals of the form  

 ,
sin

dx
x

x
  ,

cos
dx

x

x
  ,dx

x

e x

 
 dxe x2

 

are not  taken, i.e., we cannot find their antiderivatives. Corollary, we cannot use the 

Newton-Leibniz formula to compute the definite integral. That is why, in practice 

we often use generation of integrand function into Maclaurin series. 

Example. Compute the integral to the accuracy of 0,001 

                                         
1

3 cos
o

xdxx . 

The Maclaurin series for cosine function has the form: 

 ...
!6!4!2

1cos
642 xxx

x ...
)!2(

)1(
2


n

x n
n

. 

Let us find the product 

...
!6!4!2

cos
3

19

3

13

3

7

3

1

3

1


xxx

xxx . 

Integrating term by term, we obtain 



1

0

3

22

3

16

3

10

3

4
1

0

3

1

...

3

22
!6

_

3

16
!4

3

10
!2

3

4
!1

cos
xxxx

xdxx  

....

3

28
!8

1

3

22
!6

1
_

3

16
!4

1

3

10
!2

1

3

4

1


















  

4900

1
< 0,001, then it is enough to take only four terms of series. 
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3.4 Lecture 11. The Fourier series 

 

Content of the lecture: the Fourier series expansion of functions. Dirichlet's 

theorem. The Fourier series in an arbitrary interval. 

Aims of the lecture: study the basic concepts of the Fourier series. 

 

The Fourier series for function with the period 2π. 

Function  f(x)  is called piecewise-monotonous on the interval (a;b) if we can 

partition this interval into the finite quantity of intervals (a; x1), (x1; x2), … , (xn; b). 

And  f(x)  is either non increasing or non decreasing on each of this intervals. 

Dirichlet's theorem. 

If  f(x) is periodic function with the period 2π, bounded and piecewise-

monotonous on the interval [–π; π], then we can expand  f(x)  into the Fourier series 

  





1

0 sincos
2 n

nn nxbnxa
a

, 

where  an , bn – the Fourier coefficients are defined by formulas 

                  ,cos)(
1










nxdxxfan            (n = 0,1,2, …),                    

 ,sin)(
1










nxdxxfbn             (n = 1, 2, …).                       

The sum of the series converges at all points of continuity to the function  

S(x) = f(x).  

The value of this series at the point of discontinuity of  f(x) is equal to: 

 .)0()0(
2

1
)(  xfxfxS  

If   f(x) is an even function then the Fourier series has the form:    

 ,cos
2

)(
1

0 





n

n nxa
a

xf          

where                   ,cos)(
2

0






nxdxxfan             (n = 0,1,2, …).                        

If  f(x) is an odd function then the Fourier series has the form:         

,sin)(
1







n

n nxbxf           

where                   ,sin)(
2

0






nxdxxfbn              (n = 1,2, …).                   

Theorem. 

If   f(x) is periodic function with the period 2π, then  
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         










2

)()(

a

a

dxxfdxxf , 

where a is  the arbitrary constant. 

 

The Fourier series for function with the period 2l. 

Suppose that f(x) is a periodic function with period 2l, satisfying the 

conditions of the Dirichlet. Then at each continuity point of function  f (x), this 

function can be expanded in a trigonometric Fourier series: 

  ,sincos
2

)(
1

0 














n

nn
l

xn
b

l

xn
a

a
xf


                           

where   an , bn   are the Fourier coefficients: 

                   ,cos)(
1





l

l

n dx
l

xn
xf

l
a


          (n = 0,1,2, …);                         

                   ,sin)(
1





l

l

n dx
l

xn
xf

l
b


            (n = 1, 2, …).                         

If  х is discontinuity point of  function f(x), then the sum of the Fourier series 

S(x) is equal to: 

                             .)0()0(
2

1
)(  xfxfxS  

If   f(x) is an even function then the Fourier series has the form:               

                             ,cos
2

)(
1

0 





n

n
l

xn
a

a
xf


                                           

where                    ,cos)(
2

0



l

n dx
l

xn
xf

l
a


        (n = 0,1,2, …).                       

If   f(x) is an odd function then the Fourier series has the form:     

                              ,sin)(
1







n

n
l

xn
bxf


                                                  

where                    ,sin)(
2

0



l

n dx
l

xn
xf

l
b


           (n = 0,1,2, …).   

 

Theorem. 

If   f(x) is periodic function with the period 2l, then  








la

a

l

l

dxxfdxxf

2

)()( , 

where a is  the arbitrary constant. 

 

Example. Expand the following function into Fourier series: 
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












.0,1

,0,1
)(

lx

xl
xf  

 

 

The  function is odd, then it expands in sines only, i.e. a0 = 0,  an = 0. We find 

the coefficients 

 









  



0

0

sinsin
1

sin)(
1

l

ll

l

n dx
l

xn
dx

l

xn

l
dx

l

xn
xf

l
b


 

                   















l

l

x
l

n

n

l
x

l

n

n

l

l 0

0

coscos
1 






 

 

                      n

n
nn

n
)1(1

2
1coscos1

1






. 

Thus,  f(x) expands into Fourier series: 

 









1

sin
)1(12

)(
n

n

l

xn

n
xf














1

)12(
sin

12

14

k l

xk

k




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