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Preface

The present summary of lectures contains 11 lectures on the basic sections,
traditionally studied in the discipline Mathematics 2: «Differential and integral
calculus of multivariable function», «Ordinary differential equations», «Series» and
corresponds to the curriculum of the specialties 5B071900, 5B071800, 5B071700.

The content of sections is interconnected with each other. The theoretical
material is illustrated by examples and pictures.

The summary of lectures is intended for the first-year students. It may also be
useful for the self-study.



1 Differential and integral calculus of multivariable function
1.1 Lecture 1. Function of several variables (FSV)

Content of the lecture: function of several variables (FSV). Partial derivatives
and differentials. Tangent plane and normal to surface. Extremum, conditional
extremum of FSV. Lagrange multipliers method.

Aims of the lecture: study the basic concepts of FSV.

Suppose that x, y are independent variables of a certain domain D.

If every pair (x, y) corresponds to a unique value of variable z, i.e.
(x,y) — z=1(x,y), then z is called a function of two independent variables x and y
defined in D.

The domain of definition D(f) is the set of pairs (x, y) for which the function
z = f(x, y) is defined.

The range of values E(f) is the set of all values z = f(x, y) .
As (X, y)— M(x, y) on the plane Oxy, then D(f) — the set of points on the plane.

If Xq, X, X3, ..., X, are independent variables in some area D of their changes,
then  (Xg, X2, X3, .o, X,) — W = f(Xq, X2, X3, ..., X,) and w is a function of
independent variables X, Xy, X3, ..., X, defined in D.

Limit and continuity of two variables function.
& - neighborhood of the point M (xo o) is the set of points M(x, y) such that
| MM, < ¢
A number 4 is called the limit of the function f(x, y) when the point M(x, y)
tends to the point M, (xo, yo),
if VvV e&e>0 3r>0: \f(x,y)—A|<g When|MMo\<r.

Notation: X'ern f(x,y)=A

Y—=Yo
A function z = f(x, y) is called continuous at the point My (xo , yo) if
)!Lrp F(X,y)=1(X ¥o), (1.1)
Y—=Yo

where M(x, y) — My (xo, yo) arbitrarily, while remaining in domain of definition D.

If we introduce the notations: X =X + Ax, Y=y + Ay,
then (1.1): AI)EEPO F (X + A%, Yo +Ay) = f (X, ¥o).
Ay—0

Partial derivatives (PDs) of a function of several variables.
Let z=1(x,y) be a functionin domain D.

We introduce the notations:

Az = f(x+Ax, y+4y) — f(x, y) is a total increment of a function;



Az = f(x+Ax, y) —f(x, y ) is a partial increment with respect to x;
Az = f(x, y+4y) —f(x, y) is a partial increment with respect to y.
Then the partial derivatives (PDs) are defined as follows:
PD of a function z = f(x, y) with respect to x
7 =2 fr i A iy T AXY) = T Y)
OX OX M0 AX M0 AX

PD of a function z = f(x, y) with respect to y
A,z _
Z;:g:fy’:i:“m y :“mf(x,y+Ay) f(le)
oy Oy M-0 AX Mx0 Ay

Example. z=xsiny, z4=2xsiny, z},=x"cosy.

PDs for any number of variables are defined similarly.

Example. u=x*+y* +xtz’, uj=2x+t°, uy, =2y, u;,=3xtz% ui=xz’.

Normal and tangent plane to the surface defined by the equation z =f (X, y).
Tangent plane to the surface o at the point My is the plane in which all the
tangent lines to the surface o passing through My are located.

The equation of the tangent plane to the surface defined by the equation

z=1(x,y) atthe point Mg (Xo, Yo, Zo) IS:
Z — 2= f1(X0,Yo) (X — X0) +f§(X0,Yo) (Y — Vo).

Vector N = (fx’(l\/lo), f'(l\/lo),—l) is a normal vector to the surface ¢ at the
point My . Normal vector is perpendicular to the tangent plane.

Normal to the surface at the point My is a straight line passing through this
point and having the direction of the vector N.

The canonical equation of normal to the surface defined by the equation

z = (xy), at point Mo (Xo, Yo, Zo), where zp = f (o, Yo), has the form:
X_XO — y_yo :Z_ZO
fX,(X07yO) fy’(Xoiyo) —1 .

Partial derivatives of higher order. Mixed derivatives.
Let z="f(x,y) be afunction depending on x and y, that is continuous and
has continuous partial derivatives in the region D.



Then z% =fiX,y), 2}, = f)(x, y) are continuous functions depending on X
and y. So we can differentiate them with respect to x and y; there would be four such
second-order PDs:  f7.(x,y), %0, »), F7:(x,»), £7,(x, ).

In the general case: n-th order partial derivative is the first derivative of the
(n-1) -th order derivative.

Example. Find the second order PDs of the function ~ f(x) = x%y + y°.
Solution. f/(x, y) = 2xy, f/(x, y) = X+3y,

f%ley) =2y, f75(0(x ) =06y,

f%e y) =2X, 7. (x y) =2x.

Theorem (on mixed PDs).
If the function z = f(x,y) and its PDs f%, f/, f7%,, f’, are defined and
continuous at point M(x, y) and its ¢ - neighborhood, then at this point ", = 7], .
Differentiability and differential of FSV.
Function z = (X, y), total increment of which Az at a given point (x, y) can be
represented as a sum of two components:
1)  anexpression linear with respectto Ax and Ay, and

2)  the value of infinitesimal of higher order with respect to

Ap =J(ax) +(ay)
is called differentiable at a given point, and the linear part of the increment is called
the total differential (dz or df ):
dz = f4(x, y) Ax + f5(x, y) 4.
Increments of the independent variables Ax and Ay are called the
differentials of independent variables x and y (dx and dy).
Therefore dz =f7(x, y) dx + f}(x, y) dy.

Derivative of composite functions.
Suppose that z=F(u,v),u=¢(x,y), v=w(xY),
z=F[oXY), w(XYy)].

Then zy=FLui+Fivy, zi,=FLuli+F{v].
Example. z=x"+Yy*, y=sinx, z4=2x, z4,=2y, y}=C0SX,
dz

&=2x+2ycosx= 2X + 2sin X cos X = 2X + sin 2x .

Derivative of the function given implicitly.

Consider the equation F(x,y,2)=0. (1.2)

Let us find z% and z’, of an implicit function of x and y, defined by equation
(1.2).

, F,(X,y,z
When we are looking for z%, believe that y is constant,so %, = —ﬁ.



, F (XY,2)

Similarly, Z, F'(xy.2)
It is assumed that F%=0.
Similarly we define the implicit function of any number of variables and their
partial derivatives.
Example. x*+3*+72-R®=0. F(x y z) =x* H*+*- R}
Fieyz)=2x, Fixyz) =2y, F,XVy12)=2z,
f_ 2x _ X Z'——ﬂ— y

" 927 7' Yo 2z 7

Extremum of FSV.

Function z = f(x, y) has a local maximum at the point M, (xo , yo) , If
f(xo, Yo) > f(x, y) for all points (X, y), sufficiently close to the point (Xo, yo) and
differing from it.

Function  z =f(x, y) has a local minimum at the point My (xo , yo) , if
f(Xo, Vo) < f(x, y) for all points (x, y), sufficiently close to the point (xo, Yo) and
differing from it.

Maximum and minimum of the function are called extremums of the
function.

Theorem 1 (necessary condition for local extremum of FSV).

If the function z =f(x, y) reaches an extremumat X=Xy, Y= VYo,
then each first order partial derivatives of z or vanishes at these values of the
arguments, or does not exist.

Theorem is not sufficient.

Example. z=x*—V?,
25=2x,2,=-2y ,2%5=2,=0 whenx=0, y=0.

But at the point (0, 0) function z has neither a maximum nor a minimum.

The points, at which z5 =0 and z = 0 (or does not exist), are called critical
points of the function z =1(x,y) .

Theorem 2 (sufficient condition for local extremum of FSV).
Suppose that in some region containing the point M (Xo, Yo), the function
f (x, y) has continuous PDs up to the third order inclusive; let the point M (xo, Yo) IS
the critical point of the function f (x, y), i.e.
f% (X0, ¥0) =0, f} (X0, ¥0) = 0.
Thenforx=xq, y=VYo:
1) f(x, y) has a local maximum if
f/%e (X0, Yo) - /5 (X0, Yo) — (F % (X0, ¥0))* >0 and % (Xo, Yo) <O ;
2) f(x,y) has a local minimum if
f/% (X0, Yo)- 73, (X0, Yo) — (F % (X0, ¥0))* >0 and % (Xo, Yo) > 0 ;
3) f(x,y) has neither a local maximum nor a local minimum if

% (Xo, Yo) - T3, (X0, Yo) — (f7% (Xo, Yo))’ < 0;



4) if f7% (Xo, Yo)- £, (Xo, Yo) — (F% (Xo, yo))* = 0, then local extremum
may be or may not be (this case requires further investigation).
Example. Investigate function for local maximum and local minimum
Z=XP =Xy +y* +3x — 2y +1.

Solution.
1) find the critical points: =2x-y+3, Zy=-x+2y-2.
2x—y+3=0,
Solving the system of equations { $2y-2=0,
- 4
we obtain: x——g, y—3-

4 1
2) find the second-order derivatives at the critical point (—§§J and

determine the nature of the critical point:
A=2" (X, Y0) =2, B=2z", (X, yo) -1, C=2", (X0, Yo) = 2,
AC-B*=2.2-(-1)*=3>0.

: 4 1) . _ -
Consequently, at point (— jthls function has a local minimum, namely

33
4
Zoin =~ 75
3
Conditional extremum of two variables function.
Problem: find maximum and minimum of the function u =f(x, y) (1.3)
under the condition: o(x,y)=0. (14

Problem can be reduced to the study of the extremum of a one variable
function:

(14) = y=yx) = Uu=/fx yx)=px).

But it is possible to solve the problem without solving the equation (1.4) with

respect to x and y.
Lagrange multiplier method.

From (1.3): us=fo+15y%.
Consequently, in the extremum points: 4 +f{-y%=0. (1.5)
From (1.4): o5+ @y =0. (1.6)
(1.5) + 2(1.6): (Fit 5y )+ U @505y )=0

or  (Fir2p5) + (f5+97) y5=0. (1.7)

This equation holds at all extremum points.
We choose 4 so that ( f{+A¢]) = 0 for values of x and y, corresponding to an
extremum of the function u = f(x, y), then (1.7) = (f{+ip%) =0.
Thus we have three equations with three variables x, y, 1:
fi+rAps =
fi+1p5 =0,
¢ (x,y) =0. (1.8)



This is a necessary condition for a local extremum.
Note that the left-hand sides of equations (1.8) — PDs of Lagrange function
F(xy, 4)=T(xy) + e (X y). (1.9)
Thus the problem of conditional extremum (1.3)-(1.4) is reduced to
extremum problem of function (1.9).
The considered method applies to the study of conditional extremum of the
function of any number of variables.

1.2 Lecture 2. Double integrals and their properties

Content of the lecture: double integrals and their properties. The computation
of double integrals. Jacobian and change of variables in multiple integrals.

Aims of the lecture: study the double integral, its properties and calculation
techniques.

Let us consider in the plane Oxy closed region D , bounded by line L.
Suppose that a continuous function z = f (x, y) is given in the region D.
We divide the region D in an arbitrary way into n parts:
ASi,ASy,AS3,....,AS,.
Each part we identify with its area.
Let us choose an arbitrary point of each part: P;e A's; (i=1n), and assign
the value f (P;) to this point.

We define the sum:  V, =D f(P)As; .
i=1

This sum is called the integral sum for the function f (x, y) in the region D.

If f >0 in the region D , the geometrically each term f (P;) A s; can be
represented as small cylinder volume, which has a height f (P;) and the base A s;.

Thus, V, isthe volume of «stepped» solid. Assume that diam As;— 0
if n — c. Then the following theorem is true.

Theorem 1. If the function f (x, y) is continuous in the closed region D, then

EldiarInIArsTiLo; F(R)As; .

This limit does not depend on the method of partitioning the region D into
As;, nor on the choice of point Pie A's;.
This limit is called the double integral of the function f(x,y) in the region D

and is denoted by: || T(P)ds or [[ (x y)dxdy
D D

diamAs;—0

thas, ,im > RIS, = ] £(x, y)axay,

where D is the region of integration.



The geometric sense of the double integral (when f (X, y) > 0): the double
integral _U f(x,y)dxdy  equals to the volume of the solid V, bounded by the

D
surface z = f (X, y), the plane z = 0 and the cylindrical surface with the generatrix
parallel to the axis Oz and directing line L.

Properties of the double integral:
1 [l y)+w(xy)ds = [[ p(x, y)ds+ [[w(x, y)ds.

2) [[Cotx.y)ds=C[p(x.y)ds, ¢ =const

3) If D isdivided into D, and D, without common interior points, then
J’J‘ f(x,y)dxdy= ﬂ f (x,y)dxdy +” f(x, y)dxdy
D D1 D,

Calculation of double integrals.

Let D be the closed region in the plane Oxy.

The region D is called regular in the axial direction Oy (Ox),
if every straight line I, parallel to the axis Oy (Ox) and passing through an interior
point of region D, intersects the boundary of region D in two points, i.e.
INL={N,,N,}.

Thus, D is the regular region in the y-axis direction, if D is bounded by lines:
y=¢ 1(X), y=9 Z(X)’ X=a, X= b’ and Qo l(X) < % Z(X)1 a< b1 Qo 1(X)1 Qo Z(X) are
continuous on [a, b] (Figure 2.1);

D is the regular region in the x-axis direction, if D is bounded by lines:

x=yi), x=yway), y=c y=dand yi() <yay), c<d yily), wol) are
continuous on [¢, d] (Figure 2.2).

Y ¥ = @lx) Y

y = @iz

Figure 2.1 Figure 2.2
The regular region is the region that is regular in the x-axis direction and in

the y-axis direction.
Let f (x, y) be a continuous in D.

10



b [ ©2(x)
The expression 1o = J.{ J f(x, Y)dYJdX is called the iterated integral
a\ o (x)
?2(X)

b
of f(x,y)onthe regionD. l.e. lo =I®(X)dx, where P(X) = _[f(x, y)dy
a @1(x)
Properties of the iterated integral:

1) If the regular in the y-axis direction region D is divided into two regions D,
and D, by line, parallel to the y-axis or x-axis, then lp =1p +1p .

Corollary.  Ip=1p +1p +1p +..+1p .

2) (Evaluation of an iterated integral).

If f(x, y) is continuous in D and m is the smallest value, M is the largest
value of f(x,y)in D, Sisthe area of D, then

mS<I,<MS,
3) (Mean value theorem).
There is a point P €D suchthat I,=f(P)S.

Theorem 2 (Calculation of double integrals).
If f (X, y) is a continuous function, D is a regular in the y-axis direction

b (020
region, then H f(x, Y)dxdy=j{¢.[f(x, y)dyjdx;

D a\ @(x)

if D —the regular in the x-axis direction region, then

d(wa(y)
j j f (X, y)dxdy= j ( j f(x, y)dedy_

D c\w(y)

Remark. a) the right sides of the above formulas are iterated or repeated
integrals. The transition from one formula to another is called a change in the order
of integration;

b) if the region D is not regular, then it is necessary for the beginning to break
it up into a finite set of regular regions.

Substitution method in double integrals.

Let the region D, bounded by the line L, is given in the plane Oxy.

Assume that the coordinates x and y are functions of the new variables u and
vi x=x(,Vv), y=y(u,v), where x(u,V), y(u,v) are continuous and have
continuous derivatives in some region D’ , i.e. one-to-one correspondence is
established between the regions D and D”: P(x, y) «> P’(u, v), where u, v are
curvilinear coordinates of point P.

11
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_lou  ov

We introduce the notation: J(u,v) = oy oy
ou ov

— functional determinant (Jacobian) of functions x(u, v), y(u, v).
Then the formula for change of variables in the double integral has the form:

H f (X, y)dxdy:” f(x(u,v), y(u,v))- 3 (u,v)|dudv,

Remark. A special case of a change of variables in the double integral is the
transition to polar coordinates.

Polar coordinates.
Position of the point on the plane is determined by two polar coordinates p

and ¢ , which are connected with Cartesian coordinates x and y by the following
formulas:

X= pCose,
y=psing, where 0<¢p<2nm. 5 Mio@)
x o
j- dp  Op|_ —psSing cose _ |
pCOSp  Sing :
xy oy i |
op Op 0 x

. ) Figure 2.3
=—pSin“p— pCos" p=—p .

Consequently, the change of variables formula takes the form:

J[ £ (x.y)dxdy= [[  (pcosp, psing) pdpdy.
D D’

Moreover, if D is as shown in the Figure 2.4, then

B 2 (@)
” f(x,y)dxdy= Idgopj.(pf (ocose, psing)-p-dp
D

a (o)

if D is as shown in the Figure 2.5, then

27 plyp)

JJ f(x y)dxdy= [d [ f(pcosp, psing)-p-dp.
D 0 0

12
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L/

Figure 2.4 Figure 2.5

1.3 Lecture 3. Triple integrals and their properties

Content of the lecture: triple integrals and their properties. Calculation of
triple integrals and change of variables. Applications of multiple integrals.

Aims of the lecture: study the triple integral, its properties and calculation
techniques.

Let f (X, Y, z) be a continuous function defined in the three-dimensional region
V, bounded by a closed surface S.
We divide the domain V in an arbitrary way into n elementary regions:
AV, AV, , Avs, ..., AV, .
Each region is identified with its volume.
Let us choose an arbitrary point of each region PjeAv; (i=1,n), and assign
the value f (P;) to this point.

We define the sum: PRGN
i=1

This sum is called the integral sum for the function f (X, y, z) in region V.
Assume that diam A vi— 0 if n — co. Then the following theorem is true.
Theorem 1. If the function f(x,y, z) is continuous in the closed region V,

then 3 _lim Zf(Pi)AVi.
i=1

diamAv; -0

This limit does not depend on the method of partitioning the region V into
Avi, nor on the choice of point Pie Av;.
This limit is called the triple integral of the function f (X, y, z) in the region

V and is denoted by:
[ fPydv o I f(x,y,2)dxdydz
v Y,

The physical sense of the triple integral: if f >0 in the region V, then we
can assume that f (x, y, z) is distribution density of some substance in domain V.

13



Then the triple integral is numerically equal to the mass of matter contained
in the volume V.

Calculation of triple integrals.

Let V be aregion in the space bounded by a closed surface S.

Region V is called regular (three-dimensional) region, if:

1) every straight line |, parallel to the axis Oz and passing through an interior
point of region V, intersects the boundary of region in two points, i.e.

INS={N,N,}:

2) the whole region V is projected onto the Oxy in the regular (two-
dimensional) region D;

3) every part of the region V, cut off by a plane parallel to any of the
coordinate planes (Oxy Oxz, Oyz), also has the properties 1) and 2).

Thus, V is a regular (three-dimensional) region, if V is bounded above and
below by two surfaces defined by the equations z = ya(X,Y) Z = wa(X, ).

=

: = 5% p)
We introduce the concept of i i
three - tuple integral. I
Let D be a the projection of V T T TR

onto the plane Oxy, bounded by lines:

y= ¢1(X)’ y= (DZ(X)!
X=a, X=b, 0

P1(X) < @a(x), a<b. y 7
Then the three - tuple integral of , W
the function f (x, y, z) in the region V is 4 — Y = @)
determined as follows: g = i)
Figure 3.1

b [200[ wa(x.y)
l, =j j { jf(x,y,z)dz}dy dx

a | o (X)) wi(xy)

2= Yhlx, V)

Properties of three - tuple integral:
1) If the region V is divided into regions V; ,V, by plane, parallel to any of
the coordinate planes, then |, =1, +1,, .

Corollary. Iy =1, +1, +1, +..+1, .

2) (Evaluation of three - tuple integral).

If mis the smallest value, M is the largest value of f(x,y, z)inV, Vis the
volume of the region V, then mV <1, <MV ,

14



3) (Mean value theorem).
There is a point P € V such that

T %f){%(jx'?(x, y, z)dz}dy dx=f(P)V

a | o () vi(xy)

Theorem 2.
If f(x,y, z) is a continuous function in V, V is regular (three-dimensional)

region, then
[ e[| ficome oo

a |l e[ wi(xy)

Substitution method in triple integrals.

Let V be the closed region in the space.

Assume that the coordinates x, y and z are functions of the new variables
u, t, w: X = x(u, t, w), y = y(u, t, w), z=12(u, t,w), where x(u,t, w),
y(u, t, w), z(u, t, w) are continuous and have continuous derivatives in some region
V'’ l.e. one-to-one correspondence is established between the regions V and V’:
P(x,y,2) <> P’(u, t,w), where u, t, w are curvilinear coordinates of point P.

ou ot ow

B oy oy oy

We introduce the notation: J_J(u,t,w)—a o ow
@ aa

ou ot ow

— functional determinant (Jacobian) of functions x = x(u, t, w), y = y(u, t, w),
z=12(u, t, w).

Then the formula for change of variables in the triple integral has the form:

m f(x,y,z)dxdydz= m f [x(u,t,w), y(u,t,w), Z(U,t,W)]-\J\dudtdw_

Remark. A special case of a change of variables in the triple integral is the
transition to spherical or cylindrical coordinates.

Spherical coordinates.
Position of the point in the space is determined by three spherical coordinates

r, ¢, €, which are connected with Cartesian coordinates x, y, z by the following
formulas:

15



b
X =rsin ¢cos 4,
y=rsin ¢sin 4, Plr.@,8)
Z=rcos ¢, Iy
0
where 0<r<ow, 0<p<7,0<0<2m. 3 ¥
X
Figure 3.2

sinpcosd rcosepcosd —rsingsing
J =|sinpsin@ rcosesingd rsingcosd | = rzsingo_
COSp —rsing 0

Consequently, the change of variables formula takes the form:

Hj f(x,y,z)dxdydz= m f (rsinpcosé, rsingsing, rcose)-r2sing-drdgdd |
\% V'

Cylindrical coordinates.

Position of the point in the space is determined by three cylindrical
coordinates p, @, z, which are connected with Cartesian coordinates X, y, z by the
following formulas:

z
X = p C0Sé, Plo s
y = psiné, (0.6.2)
z=12, where 0<p<w,0<60<2m. z
0
cosd —psingd 0 2 F\l Y
J=[sin@ pcosd O=p x |
0 0 1 Figure 3.3

Consequently, the change of variables formula takes the form:
m f(x,y,z)dxdydz= m f(pcosé, psing,z)- p-dpdedz
\Y A

Example.
Calculate || 2dxdydz where v is a hemisphere of radius R centered at
\

the origin O.

Solution.

16



This region V is bounded below by the surface z = 0, and above — by the
surface Z= \/R2 —x*—y? (in cylindrical coordinates z=4/R*—p?).
=

Consequently,

22| R(VRZ-p? 27 R 2 [VR*=P"
[[[ zpdpdetiz= [| [| [zdz|pdp o= [|[Z  pdpido=

81 1% R* R*|,, 1R' R
= 'ﬂ E(Rz—pz)pdp}dﬁzii[ ———:|d9——7272'— _

2 Ordinary differential equations
2.1 Lecture 4. The 1-st order ordinary differential equation (DE)

Content of the lecture: the 1-st order ordinary differential equation (DE).
Cauchy problem. Equation with separable variables. Linear homogeneous and
nonhomogeneous equation. Equations in total differentials.

Aims of the lecture: study the basic concepts of the theory of differential
equations.

Differential equation (DE) is an equation that joins the independent variable
x, the unknown function y = f (x) and its derivatives y’y” ..., y™.

DE is an expression of the following form  F(x,y,y’y” .., »™) =0. (4.1)

If y =1(x) is a function of one independent variable, then DE is called an
ordinary DE (ODE).

If differential equations contain the unknown function of several variables,
then such equations are called partial differential equations (PDE).

If the equation (4.1) can be solved for the n-th derivative, it can be written as

yO=f(x,y, v,y .., ). (4.1)
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The highest order of derivative contained by the equation is called the order
of the differential equation.

DE (4.1) is called linear if the left side of (4.1) is a polynomial of first degree
with respectto vy, y’ y” ..., »™ (and does not contain any of their products), i.e.
DE has the following form

0()y"+ a; ()y" ...+ an(x)y = f (x), (4.2)
where ao(X), ai;(x), ..., a,(x) are the coefficients (defined and continuous in some
interval); f(x) —the right side of DE.

The equation (4.2) is called homogeneous (without the right side), if f(x)=0.

The equation (4.2) is called nonhomogeneous (with the right side), if f(x) = 0.

Solution (or integral) of the DE is any function y = ¢(x), which, when it is
substituted in equation (4.1), transforms it into an identity.

Solve (or integrate) the given DE means to find all its solutions in a given
region.

Graph of solution is called the integral curve.

Solution y = ¢ (x, C, G, ..., C,), that contains as many independent
arbitrary constants Cy, C,, ..., C,, as the order of the equation, is called the general
solution of DE (4.1).

If the general solution is given in implicit form  @(x, y, C1, C,, ..., C,) =0,
then it is called the general integral.

Examples of the simplest DEs:

1) y’=1(x).

The general solution: Yy = _[ f(x)dx+C, C—const.

2) y” =0.

The general solution:. y=Cx+C,, (C;, C, —const.

Any solution of DE, which is obtained from the general solution, if we assign
specific values for arbitrary constants, in it included, is called the particular solution
of DE y=¢(x, Cy, Cy ..., C,), and correspondingly @(x, y, Cy, C,, ..., C,) =0,
is called the particular integral.

Example. y” +y=0,

the general solution: y = Cysin x + C,Ccos X,

the particular solution: y = 2sin x + 5cos x.

For a given initial conditions at x = x:
y(xo) = Yo,
Y'(Xo) = Yo,

(i.c.)

(n-1)

y(n_l) (Xo) = Yo
constants Cy, C,, ..., C, can be chosen so that the function, which is the solution
equation (4.1), will satisfy these conditions.

Thus, we introduce a new notion.
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Cauchy problem (initial value problem): find the solution y = ¢(x) of DE
(4.1), satisfying the initial conditions (i.c.).

Theorem 1. If in equation yO=f(xy, v,y .., ) function
f,y Y,y ..., ™) and its derivatives y, y, y” ..., »™* are continuous in a
region containing the values

Xx=xo, Y=yo, Y'=y0 ¥ =y,
then there is one and only one solution y = ¢ (x) of the Cauchy problem.

The 1-st order Differential Equations.
The 1-st order Differential Equation has the form:

F(xy,y") =0, (4.3)
or if the equation is resolved with respect to the derivative, then
y =f(xy). (4.3)

The general solution y = ¢ (x, C) depends on one arbitrary constant C.

Theorem 2 (the existence and uniqueness of solution).

If DE hasaform y’=f(x,y), f(x,y) and f (X, y) are continuous in
some region D, containing a point M(X,, Yo) €D, then there exists a unique solution
vy =@(x) of this equation, satisfying the initial condition: ¢ (Xo) = yo .

The geometric sense of the theorem: there is a unique function y =¢ (x),
whose graph passes through the point (Xo, Yo).

Consider the main types of the 1-st order DE.

1) Separable equation.
DE of the form M (x) dx+ N (y)dy=0 (4.4)
is called the equation with separated variables.

Its general integral is IM(x)dx+jN (ydy=cC.

a) DE of the form y’=f(X)g(y) (4.5)
can be reduced to the equation with separated variables:

1
——dy = f(x)dx (assuming that 0).
9 ( g that g(y) # 0)

Integrating, we find the general integral of the equation (4.5):

jizjf(x)dmc*_
g(y)

b) DE of the form  M;(X)Ny(y)dx + My(x)Nx(y)dy =0 (4.6)
is called the equation with separable variables. It can be reduced to an equation with
separated variables.

1
W Itiply (4.6 :
e multiply (4.6) on G NL(v)
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My (9 4, N
M, (X) N, (Y)
integrating, we obtain the general solution of equation (4.6):

J‘ Ml(x)dX+I NZ(y)dy:C_
M, (%) N, (y)

y=0,

2) Homogeneous DE.
Function f(x, y) is a homogeneous function of n-th power relative to variables
xandy < VAieR  f(Ax, Ay) = A" f(x, y).
X’y +y° Xy + X°
Examples. f(X,y)= yX2 y (n=1); fxy)= 2 (n=0).

If f(X, y) is a homogeneous function with n=0, then it is called homogeneous
function of trivial.

The equation y’=1(x,y) (4.7)
is called the homogeneous equation of the 1-st order, if f(x, y) is a homogeneous
function of trivial relative to variables x and y.

Method of solution of homogeneous DE.

By definition VA e R f(Ax, Ay) =f (X, y).

1
Consider this identity when 2 =": fOxy)="1@ %) .

d
Then the equation (4.7) takes the form: d_i =f(@ %) . (4.7
. _Y
We make the substitution: U= I
dy du du
— =Uy+—X ! u+x—=~11Qu
= dx dx = 4.7 < dx Lu) <
W _ %X the equation with separated variabl
< fLu)-u_ x e equation with separated variables.
integrating, we find: |- oo—= [ X+
By integrating, we find: fLu)-u y :

Substituting after integration the ratio Y instead of u, we obtain the general

solution of the equation (4.7).

Remark. The equation M(x,y)dx + N(x,y)dy = 0 is the homogeneous
equation of the 1-st order << M(x,y) and N(x,y) are homogeneous functions of the
same power.

3) Linear Equations.

A linear equation is the equation of the first order, linear relative to the
unknown function and its derivative. It has the form:
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d
d—§+ p(X)y = g(X). 4.8)

where p(x) and g(x) are given continuous functions of x (or constants).

Methods of linear equations solution:

a) Bernoulli method.

We seek the solution of the equation (4.8) in the form y(x) = u(x)v(x). (4.9)
dy dv du

. . : L Y9V
Differentiating both sides of (4.9), we find: i Vax + X

v u
Substituting this expression into (4.8), we obtain: U——+V—+ puv=(

dx  dx
dv du
or U(&Jr ijJFV&: g . (4.10)
dv
Choose the function v such that (& + ij =0, (4.11)

Separating the variables in this DE relative to the function v, we find
_C e—jp(x)dx
=C, _

Since it is enough to have just one non-zero solution of the equation (4.11),

- p(x)d
then let C, = 1, therefore v=e jp ' X.

It is obvious that v(x) # 0.
Substituting the obtained value v(x) in the equation (4.10), we obtain

(4.12)

du du _g(x) g(x)
)G =90) = =i = Ul deC
Thus, Y= VU0 =V 3 2+ O,

b) The method of variation.

d
To solve the equation (4.8) firstly we solve the equation: d_i +p(x)y=0

—jp(x)dx

and replace in the general solution Yy =C,e
such that it satisfies the equation (4.8).

constant C; by the function Cy(x),

4) The Bernoulli equation.
Differential equation of the form

L p0y =gy, (r£0,n%1) (4.13)

is called the Bernoulli equation.
Methods of solution of Bernoulli equation:
a) Bernoulli method

21



(find the solution in the form y(x) = u(x)v(x) like for linear equations);
b) substitution z =y ™' reduces the equation (4.13) to a linear equation

with respect to the new function z.

. dz o dy . .
Since &:(—n+l)y gy then multiplying the equation (4.13) by

(1 +1)y " we obtain: % (n+1)p(x)z = (-n+1)g(x) (4.14)

Solving this linear equation with respect to z, and substituting expression
y ™! instead of z, we find y(x) — the solution of the equation (4.13).

5) Exact Differential Equations.
Differential equation of the form
P(x, y)dx + Q(x, y)dy =0, (4.15)
where P(x, y), Q(x, y) are some functions which are continuous together with their
partial derivatives in some areas and
0Q oP
ox oy’
is called the Exact Differential Equations.
Condition (4.16) is equivalent to that the left side of the equation (4.15) is a
total differential of some function u(x, y), i.e.
P(x, y)dx + Q(x y)dy = du(x y) = (415 < du(x,y)=0 = u(x,y)=C,

(4.16)

where U(X,y)= J.P(X y)dx+J'Q(x0,y)dy+C (o, yo) is a point in the

Yo

neighborhood of WhICh there is a solution of DE (4.15)).
Thus, we obtain the general mtegral of the equation (4.15):

j P(x, y)dx+ j Q%, y)y=C

2.2 Lecture 5. Higher orders differential equations

Content of the lecture: higher orders differential equations. Cauchy problem.
Linear homogeneous differential equations. Structure of general solution of linear
homogeneous differential equations with constant coefficients.

Aims of the lecture: study the basic concepts of higher orders differential
equations and methods of solution of linear homogeneous differential equations.

The basic concepts of higher orders differential equations (HODE).

Differential equation of the form  F(x,y, y,y”, ....y™) =0 (5.1)
is called the n-th order differential equation.

If we can find n-th derivative from (5.1), then the equation

yO =%, y, ¥,y o M) (5.1")
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is called the n-th order differential equation solved with respect to the higher
derivative.

Differential equation of n-th order is called linear if it is a polynomial of the
first degree with respect to the unknown function y and its derivatives y% y” ..., ¥,
I.e. it has the form:

20()y"™ + i)y +...+ a,(x)y = f (), (5.17)
where ao(x), a;(x), ..., an(x) and f (x) are the given functions of x or constants, and
ag(x) = 0 for all values of x in the region where the equation (5.1") is considered.

The function f (x) is called the right-hand side of the equation.

Further, we assume that ay(x), ai(x), ..., a,(x) and f (x) are continuous for all
values of x, and ag(x)= 1.

If f(x)=0, then the equation (5.1"") has the form:

ao()y™ + a (x)y™ Y +.. .+ a,(x)y = 0
and is called the homogeneous linear differential equation (without the right part).

If f (x) = 0, then the equation (5.1") is called the nonhomogeneous linear
differential equation (with the right part).

Cauchy problem (initial value problem): find the solution of DE (5.1'),
satisfying the initial conditions (i.c.).

yx:x0 = yO’

Yiex, = Yor >

.................. (5.2)
YD =y

Theorem (existence and uniqueness of solution of the Cauchy problem).
If DEhasaform y®=f(x,y,y,y” ...»"Y) and f(x,y,y’y” ... y"")
and its partial derivatives (p.d.) with respect to the arguments v,y y” ...,y —

continuous in some region, containing the values X=X, ,Y=VYo,Y =VY5o, -

" =y, then there is a unique solution y = y(x) of DE satisfying the initial

conditions (5.2).

The function y=¢(x, Cy, Cy ..., C,) is called the general solution of
DE (5.1) if:

a) it satisfies DE (5.1') V Cy, G, ..., C,;

b) under given i.c. (5.2) we can find such Ci, C, ..., C,, that
y=@(x, Cy, C,, ..., C,) satisfies these conditions.

If the general solution is given in implicit form  @(x, y, Cy, C,, ..., C,) =0,
then it is called the general integral.

Any solution of DE, which is obtained from the general solution, if we assign
specific values for arbitrary constants, in it included, is called the particular solution
of DE y=¢(x, Cy, Gy, ..., C,), and correspondingly @(x, y, Cy, G, ..., C,) =0,
is called the particular integral.
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Methods of solution of HODE.
1. Equations of the form  y™ = f(x).
Find the general integral of this equation.

X

As Y =Dy then Y = I F(x)dx+Cy, where x, is any fixed value x.

Xo

Integrating again, we obtain; Y = I(J‘ f (X)dX]dX +C (X —%) +C,.

X0\ %o

Integrating n times, we obtain:

X X . n-1 . n-2
y = II f (x)dx...dx +C1(X %) +C2(X %) +..+C..
% % (n-1)! (n—2)!
To find the particular solution satisfying i.c. (5.2) it is enough to put
Ci=Y0,Cr1=Y0,. . C=y
2. HODE admlttmg order reduction.
A) Equations of the form y7=1(x,y) (5.3)
(f does not contain explicitly y).
Solution.

We denote: y’=p. Then y”=p’ (5.3): p’=1(X, p) —the 1-st order DE.
General solution: p = p(x,Cy).

General integral of DE (5.3): y= I p(x,C,)dx+C,.
Remark.
In a similar manner, you can solve DE y™ =f (x, y*%), assuming y"? =
B) Equations of the form y”’=10,y) (5. 4)
(f does not contain explicitly x).
Solution.
Wedenote: viez 2caf)  Then y_z_ %2 2.0y _dz
edenote: y’=z, z=2(y). en dx dy dx  dy

(5.4): zj—;z f(y,z) —the 1-st order DE.

General solution: z = z(y,Cy).

dy dy
=22 = 7(y,C = dx.
As y ™ z(y,C,), then 2(y.C.)

Integrating this equation, we obtain general integral of the given equation
(54) @(X, V, Cl,Cg) =0.

Some properties of homogeneous linear differential equations (HLDE) of the
2-nd order.

Theorem 1.

If y;and y, are two particular solutions of the 2-nd order HLDE
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y//+ Cl]yl'l' aZy:O’ (55)
then y; +y, —is also a solution of this equation.
Two solutions of DE (5.5) y; and y, are called linearly independent on the

y
segment [a, b], if y—l # const.
2

Otherwise the solutions are linearly dependent, i.e. 31eR:  y1=41y;,.
Example 1. y”—y=0,
Solutions of the equation:  ¢e*, ™, 3¢*, 5e”™

Here ¢ and e — linearly independent on any segment, because
- e”™ #const. ¢ and 3¢* — linearly dependent, because 2 =§:const.

If y;and y, are functions depending on x, then determinant of the form

yl y2 i i . . .
Wy Y.) =", “J|=Y.Y>—Yi¥, is called the Wronskian determinant
1 2

(Wronskian) of given functions.

Theorem 2.

If functions y; and y, are linearly dependent on the segment [a, b], then
W(yl’ yz) =0.

Theorem 3.

If the solutions of DE (5.5) (y; and y, ) are linearly independent on the
segment [a, b], then W(y,,Y,) =0 at any point of the segment.

Theorem 4.

If y, and y, are two linearly independent solutions of DE (5.5), then
y=Cyr + Cyy, IS the general solution, (where Cyand C, — arbitrary constants).

Theorem 5.

Whatever thei.c. Y, = Yo» Yaex, = Yoo
we can choose values C;, C,, sothat Cyy; + C,y, satisfies the giveni.c.

Homogeneous linear differential equations of higher order with constant
coefficients.
1. Homogeneous LDE of 2-nd order with constant coefficients.

y/+py’taq=0, p.g€R. (5.6)
It is enough to find two linear independent particular solutions (p.s.).
Let us seek p.s. in the form: y = e, (5.7)

where k — const,

then y'=ke* »"=k%e* = (5.6): e*(k*+pk+q)=0.

As e%#0, then k?+ pk +q = 0. (5.8)
—[ k satisfies (5.8) = e**— the solution of (5.6)].

k?+pk+q=0 — the characteristic equation for DE (5.6).

The roots of the characteristic equation:
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Cases are possible:

1) ki, ko e R (ki#ks); 2) ki, ky eC; 3) ki,kzeR (ki=kp).
Consider these cases.

1) ki, ko e R (ki#kz), p.S.: y1=eklx, yZ:ekzx_

k;x

Y1, Y> — linearly independent = y=Ce+C.e _the general solution.

2
2) kl,kgeC, k1=a+iﬂ, k2=a—iﬂ, a:_g, L= }q_%’
p.s. Y,=e™cospx, y,=e”sinpX,

y =C,e” cos px+C,e” sin fx =e”(C, cos fx + C, sin Sx) — the general solution.
Particular case: purely imaginary roots (¢=0) p=0: y”+qyv=0,
y=C,cospx+C,sinfx — the general solution.

3) ki,k; e R (ki=ky), y =(C, +C,x)e"" _ the general solution.

2. Homogeneous LDE of » -th order with constant coefficients.
yO+ ay™ D+ +ay =0, (5.9)
ai, ..., a,— given coefficients.
Find the general solution according to plan:
1) find characteristic equation;
2) find roots of characteristic equation: ki, k, ..., k,;
3) by the nature of roots we find p.s. (» linearly independent p.s.);
4) construct the general solution.
Example. Find the general solution for the equation y” +9y' =0,
k® + 9k (k2 +9k =0 =3 .
+9% =0 = +9k=0 = K, __qgi(a=0, f=3), k=0,

y =e”(C, cos3x +C,sin3x)+ C,e”™ = y=(C,cos3x+C,sin3x)+C;.
Remark.

The difficulty of solving of HLDE of n-th order with constant coefficients is
to solve the characteristic equation.

2.3 Lecture 6. Nonhomogeneous linear differential equation
Content of the lecture: nonhomogeneous linear differential equation.
Equations with special right part. Variation of arbitrary constant method.

Aims of the lecture: study the basic methods of solution of nonhomogeneous
linear differential equations.
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Nonhomogeneous linear equations of 2-nd order.
'+ ay’+ ay =(x), (6.1)
the corresponding homogeneous equation: y”+ ajy’+ azy = 0. (6.2)
Theorem 1.
Suppose that y™ is any particular solution of equation (6.1), y is the general
solution of the corresponding homogeneous equation (6.2).
Then the general solution of the nonhomogeneous equation (6.1) can be

represented as the sum Yen =Y+ V.

General method of finding a particular solution of the nonhomogeneous
equation.

The method of variation of arbitrary constants.

The general solution of (6.2) has the form: y = Cy; + Cyy», (6.3)
where yy, y, are linearly independent solutions of (6.2).

Suppose that C;, C, — some functions of x.

We differentiate equality (6.3):  y’=Cy1+Cop2+Cy1+C%y;.

We choose C;, C, so that C'yr+ Ch, =0. (6.4)

Thus y’=Cyi1+Cyh SO y”= Cly +C "+ Cy1+Ch%.

Substituting y, y’, y”at (6.1), we obtain:
Cy 1+Cy 2+ Cy 1+ C %% +aiy(Cry 1+ Coy o) +ap(Cryit Coy)=f(X)
or
Cufy i+awatagn)+Cofy s ary ayo )+ Cy i+ C oy 5= (x)
As y1, v, are the solutions of the homogeneous equatlon (6.2), then the last
equation becomes:

Cwit Co2=1(x). (6.5)
Thus function (6.3) is a solution of DE (6.1), if C;, C, satisfy to (6.4), (6.5),
i.e. if C’]yl+C’2yz=O
Cy1+ Coy2=1(x).

As W(yl, y2) # 0, the system is solvable, i.e. 3 C%1 = @u(x), C%= ().

Then C; =j¢1(X)dX+C_31, C2=j¢2(x)dx+52, where C;,C, are the

constants of integration.

Substituting these expressions in (6.3), we find the general solution of
nonhomogeneous equation.

Example.

!

Find the general solution of equation V"~ y; =X,

Solution.

!

Find the general solution of homogeneous equation »" —y; =0:
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14

y—,:; = Iny'=InxC = y=Cu’+C,.

y
Define Cy, Cy: P+ C51=0,
2Cx+ C%-0=x.
o _ , 1, 2
Solving this system, we find: C = E’Cz = —%.
X = ¥ =
Then C1:_+C1; sz__+C2.
2 6
3 3 . . 3
Thus y=C_?1x2+C_72+%—% or y=C1x2+C2+%.

Theorem 2.
Solution y™ of equation y”+ ay’+ azy = fi(X) + f,(X)  can be represented as

y =y +y,", where y;"and y," are respectively the solutions of the equations:

ylae//_l_ alyl*/_l_ azyl* — fl(X),
Vo Ut ary, '+ azys = Hh(X).

Nonhomogeneous linear equations of 2-nd order with constant coefficients

and with a special right-hand side.

then

We consider the equation of the form
y'+py’+qp=1f(x), pgeR
Method of selection of a particular solution.
1. f(x) =Py(x) e™, Py(x) — polynomial of the n-th degree.
a) if the number « is not a root of the characteristic equation k®+ pk + ¢ =0,
Y = (A" + AX"+ L+ AL e = Qp(X)e™;
b) if the number « is simple (single) root of the characteristic equation, then
y" = xQu(x)e™;
c) if the number « is the double root of the characteristic equation, then
y"=x* Qn(x)e”.
Example. Find the general solution of equation  y”+ 4y’+ 3y = x.
Solution.
The general solution of the corresponding homogeneous equation:
y=Ce ™ +Cre™.
As  f(x) = x = P1(x)e%, so look for a particular solution in the form:
y* = Qi(x)e™ = Aox + 4.
Substituting this expression in a given DE, we have:
444+ 3 (dox + A1) = x,

from this equation we get  Ao=1/3, A4;=-4/9.

1 4

f=lx——.
Consequently Y 3779
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4

1
. -X -3x
General solution: ¥ =Ce " +Ce™ + 37y

2. f(x) = P(x)e“cosBx +Q(x)e“sin X, P(x), Q(x) — polynomials.

a) iIf the number « + 14 is not a root of the characteristic equation, then
y = U(x)e™cospx + V(x)e™singX;
where U(x), V(x) — polynomials whose degree is the highest degree of polynomials
P(x), Q(x).
b) if the number o + i is a root of the characteristic equation, then
y = x[U(x)e™cosSx + V(x)e“sinX].
Special case:  f(x) = Mcos px + Nsin X, where M, N — constants.
a) if the number i is not a root of the characteristic equation, then
y"=Acos X+ Bsin pX;
b) if the number i is a root of the characteristic equation, then
y"=x[ Acos X + Bsin S ].

Example. Find the general solution of equation  y”+ 2y”+ 5y = 2 COS X.

Solution.

The general solution of the corresponding homogeneous equation:

y=e"(C,cos2x+C,sin2x).

Look for a particular solution in the form: y"=A4cos x + Bsin x.
Substituting y~ at given equation, we have:

—AC0oSX—Bsinx+ 2(— A sin X + B cos X) + 5(4 cos x + Bsin X) = 2 COS X.
Equating the coefficients of cos x and sin x, we obtain: — A4+ 2B +54 =2,

—~B-24+5B=0,

from thiswe get: 4 =2/5, B=1/5.

: 2 :
The general solution: y =e *(C,c0s2x+C,sin2x) + gcosx+gsm X.

Nonhomogeneous linear equations of higher order with constant coefficients.

yO+ a,y® D+ + gy = f(x) (6.6)
Let y=C»+Cy,+..+Cy, (6.7)

— the general solution of homogeneous equation
v+ a,y" P+ +ay = 0. (6.8)

Theorem.
If y— the general solution of homogeneous equation (6.8), and y* — the

particular solution of nonhomogeneous equation (6.6), then y = y+ " s the
general solution of nonhomogeneous equation (6.6).
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The method of variation of arbitrary constants.
Let the general solution of the corresponding homogeneous equation is

known y=Cy,+C,y,+..+C y .

Assuming that Cy, C,, ..., C, —functions of x, set up a system:
Con+Coy, +..+Cy, =0,
Cy+Coyy +..+Cy, =0,
Cn"?+Copy +..+ Cly P =0,
ClyI P+ Cyi ™ v+ Cyl ™ = £(x).

This system is solvable with respectto C7, C%,...,C/,.
The general solution of this system is:

¢ =[Cdx+C,
C, = [Cidx+C,,

In this case, Y =Cy+Cyy,+..+C,y, is the general solution of the

nonhomogeneous equation.

Nonhomogeneous linear equations of higher order with constant coefficients

and with a special right-hand side.

Consider special cases:
1) f(x) = Pn(x) e, where P,(x) is a polynomial of the n-th degree:
a) if number « is not a root of characteristic equation, then

y = Qn(x)e™;
b) if number « is a root of multiplicity x of characteristic equation, then

y" = x* Qu(x)e”.
2) f(x) = Mcos px + Nsin fX, where M, N — constants:
a) if the number i is not a root of characteristic equation, then

y“ = Acos X+ Bsin fX;
b) if the number i3 is a root of multiplicity w of characteristic equation, then
y =x"[ Acos px + Bsin px].
3) f(x) =P (x) e™cos px + Q (x) e”sin px, where P(x), Q(x) — polynomials:
a) if the number « + 14 is not a root of characteristic equation, then
y = U(x) e™cos X+ V (x) e”sin fX,

where U(x), V(x) — polynomials whose degree is the highest degree of polynomials

P(x), Q(x);

b) if the number « + i is a root of multiplicity « of characteristic equation,

y = xT U(X) e cos x + V (x) e“sin Ax .
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Example. Find the general solution of the equation yW_y=5cosx.
Solution. The roots of characteristic equation k*—1 = 0:
k]_: 1, k2=— 1, k3= i, k4=— I
y=Ce" +Ce " +(C;cosx+C,sinx.
As 11is asimple root of characteristic equation, then we are looking for a
particular solution in the form:
y"=x(A4cos x + Bsin x).
Substituting y~ at the given equation, we have:
44 sin X — 4B cos X = 5 cos X.
Equating the coefficients of cos x and sin x, we obtain: 44 =0, —-4B=5,

. S5 .
consequently, y =—szmx_

. 5. .
So the general solution: y =Ce" +C,e™ +C,;cosX+C,sinx — 2 xsinx,

2.4 Lecture 7. System of differential equations

Content of the lecture: system of differential equations. Cauchy problem for
normal system of differential equations. Elimination method. Structure of general

solution.
Aims of the lecture: study the basic concepts of system of differential

equations and methods of its solution.

The 1-st order system of DE.
The equations of the form

dy
d_Xl = fl(x’ yl! yz""v yn)7
d
%= Fo (X Y1s Yo Yool
X (7.1)
dn ...................................
dl = 1,06 Y1, Yo Va ),
X
are called the first order normal system of DE of unknown functions y1(x), y2(x),
ey Vu(X).
Solve (integrate) system means to define functions yi(X), y2(X), ..., va(X),

satisfying the system (7.1).
Solve the Cauchy problem means to define functions y;(x), y2(X), ..., ya(X),
satisfying the system (7.1) and the initial conditions (i.c.):
(yl)x:xo = Vo> (yZ)x:xo =Yooy (yn)x:xo = Vo (7.2)
The integration of the system (7.1) is performed as follows.
We differentiate the first equation of the system (7.1) with respect to x:
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dly, of, o dy, | of dy,

dx?  ox oy, dx  dy, dx
dy, dy,
L N S 1
After replacement dx dx 1
. . d*y,
from the equations (7.1), we obtain: o F, (X, Yo V).

Differentiating the resulting equation and carrying out the procedure similar
to the previous, we find:

d3
Continuing further in the same way, we obtain:
d"y
Wnl = Fn(X, yli"" yn)
So, we obtain the following system:
d
d—yxl = £, Y1 Yo Vi)
dy, _
o Fo (X, Y10 Yo Vo) (7.3)
s
dxy,ﬁ = Fo (X Y1, Yz Vi)
From the first (n—1) equations we define y,, ys, ..., v, , expressing them in
o dy, dfy, d"Ty
terms of x, y; and derivatives ax e e
Vo= (Pz(xi Yi» yi,---, yl(n_l))’
Vs = @5(X, Y1y Yiseees yl(n_l))’
........................................ (7.4)
V= 0% Yy Vi V1 70).

Substituting these expressions in the last equation in (7.3), we obtain the
equation of n-th order for determining y;:

dn ' n—

Go = POV Y, (7.5)
Solving this equation, we find y:

»n=yC,GC,..,C,). (7.6)

Differentiating the last expression (n—1) times, we find the
dy, d%, d"%y,
dx " dx* 7 dx"?
as functions of x, Cy, C,,..., C,.
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Substituting these functions in the equation (7.4), define y,, ys, ..., ¥,:
Y, =¥,(X,C,G,,...,C,),

(7.7)

y, =w.(x,C,,C,,..,C,).
Thus (7.6), (7.7) — the general solution of the system (7.1).
In order for the resulting solution satisfies to i.c. (7.2), it is necessary to find
from the equations (7.6) and (7.7) the corresponding constants Cy, Cy,..., C,.
Remark.
If the system (7.1) is linear with respect to the unknown functions, then the
equation (7.5) is linear.

Example 1.
% =y+Z+X,
Solve the system: dz X (@)
— =—-4y -3z +2X,
dx
with i.c. 0)x=0=1, (2)x=0=0. (b)
Solution.
d’y dy dz
=—+—+1
1) dx* dx dx
Using (a), we obtain:
d’y
F:(y+z+x)+(—4y—32+2x)+l
X
or
d?y
=-3y—-2z+3x+1.
dx® y ()
2) From the 1-st equation of the system (a):
z—gX—y—x
dx ’ (d)
dy dy
then (¢): Gz = -3y - 2(& —y—-x)+3x+1
or
d?y , ,dy
+2—+y=5x+1.
a  Cax (€)
The general solution of the equation (e):
y=(C1+ Cox)e™ +5x -9 (f)
and based on (e), we obtain:
Z= (Cg— 2C;— 2C2X)€-x — 6X + 14. (g)
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Using i.c. in (f), (g), we obtain:
1=C1—9, O=C2—2C1+14,
from which we have: C;=10, C,=6.
Thus, y=(10+6x)e™ +5x—9

and based on (d), we obtain: z = (- 14— 12x)e™ — 6x + 14.
System of linear differential equations (LDE) with constant coefficients.

Consider the normal system of LDE of the first order with constant
coefficients.

dx,

E =a X T apX; +.+a,X,

dx,

E = a21X1 +a22X2 +..+ aZan, (78)

dxn ...........................................

E:anlxl"FaanZ +...+anan,
where aj; — constant numbers (i=1,_m (from 1 to m), j=1n (from 1 to n)),
t —argument, xi, x,, ..., x, — unknown functions.

We shall look for the solution in the form
X=a€<, Xo=ae", ..., X:=ane", (7.9)
where oy, ay, ..., a,, k— coefficients.

Substituting in the (7.8):
kae" = (a0, +a,a, +...+a,a,)e,
ka,e“ = (ay0, +ay0, +...+a,,0,)e",

Dividing by e :
(a, K)o, +a,a, +...+a,a, =0,

1n™*n

aya, +(a, —-Ka,+..+a,a, =0,

2n~"n

(7.10)

The determinant of the system (7.10):
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a,—-k a, .. a,
_| 8x 8y — k.. 8,
Ak) = , (7.11)
Apy an, SO e —k
A20 s a=a=..=0,=0= x(t) =x() =... =x,(t) =0.
Non-trivial solutions exist & A =0.
So we obtain the characteristic equation for the system (7.8):
a11 k a12 aln
an ag k Azn -0
- (7.12)
Ay a, .. a,-KkK

Its roots — the roots of the characteristic equation.

Consider the special case, when the roots of the characteristic equation
ki, ko, ..., k, are real and distinct.
For each k; we determine the coefficients al('),aé'),---, Otr(,') from the system

(7.10).
Thus we obtain:
for k; the solution of the system (7.8):

Xl(l) :al(l)eklt’ Xél) :aél)eklt’ s Xr(11) =a,§1)eklt;
for k, the solution of the system (7.8):

X1(2) =a1(2)ek2t, XéZ) ZOéZ)ekzt’ - Xr(|2) =aé2)ek2t;
for k, the solution of the system (7.8):

Xl(n) zal(n)ek,,t’ Xén) :aén)eknt’ o Xr(]n) :aén)ek,,t.
The general solution of the system (7.8):

Kt

x, = CaPe + C,alPe +...+ C aMe",

x, = C,al’e" + C,a{?e" +..+ C alMe"",
(7.13)

X, =C,al’e" +C,aPe + ..+ C a{Me""
where C;, C,, ..., C, — arbitrary constants.
Example.
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d—)(1:2x1+2x2,

Find the general solution of the system | 4y
d_tz =X, +3X,.

Solution.
o _ 2-k 2
The characteristic equation: | 5}

The roots of the characteristic equation: k; =1, k, =4.
We are looking for the solution of the system in the form:
xP =o', xP=ale' and x?=02e", xP? =ale.
Compose the system (7.10) for k; = 1:
(2-)a® +2af" =0,
lo? +(3-Da’ = o.}
1 o

The solution of this system is ay’) = _Eal :

w__1

® =1 we obtain: @

Assuming, that o

Thus, the first solution of the system is

t
e
X =&

>

Similarly, the second solution of the system is
X1(2) _ e4t1 Xéz) _ e4t.

The general solution of the system:

Xl(l) —el,

x, =Ce' +Ce”, X, =— 5 +Ce™.

3 Series
3.1 Lecture 8. Numerical series

Content of the lecture: numerical series. Convergence and sum of series.
Necessary condition for convergence. Series with positive terms, its convergence
tests. Alternating series.

Aims of the lecture: study the basic concepts of numerical series and
conditions for convergence of series.

The expression of the form
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Uy + Uy + U+ Uy .= D U, 8.1)
=1

where u,€ R (n=1, 2, ...)is called a numerical series. Numbers wuy, up, ..., u,, ...
are called terms of the series, number u, — general term of the series.

Sy = Zui — n-th partial sum; r = Zui — remainder of the series.
i=1

i=n+1

If there is a finite limit S ZALT) S, , then it is called the sum of the series

(8.1), and the series (8.1) is called convergent. If LLTS” does not exist (in

particular infinite), then (8.1) is divergent.
Theorem (necessary condition for convergence of series). If the series (8.1)

converges, then limu, =0,

The converse statement is not true.

1
Example. The harmonic series 1+ 5 + 3 + 1 Tt - +... diverges, although

limu, = Iimi =0,

n—o0 n—o N

Theorem (sufficient condition for divergence of series). If l['jgun #0 | then

the series (8.1) diverges.

Remark. The convergence or divergence of the series of numbers is not
disturbed, if we reject any finite number of terms in it. But its sum is changed in this
case, if it exists.

Series with positive terms.

If all terms of series u, > 0, then the series is called positive series.

Consider two series
U+ U+ Us+...+Uyt..., u;> 0, (8.1)
Vit Vo+ Vgt .+ Vyt..., v;> 0. (82)

Convergence criterions of positive series:

1) Comparison of series with positive terms.

Theorem 1 (1-st comparison test).

If Un<vp(n=1,2,..), (8.3)

then:

a) if the series (8.2) converges, then the series (8.1) converges;

b) if the series (8.1) diverges, then the series (8.2) diverges.

Remark.

Theorem 1 also holds in the case when (8.3) begins to be performed only for
n>N, butnotforall n=1,2,3, ...
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Theorem 2 (2-nd comparison test).

If there is the ratio limit of general terms |Lmv— =A (4240, A#x),

then the series (8.1) and (8.2) converge or diverge simultaneously.
Remark. Convergence of many series can be investigated by comparing them

. .. i =1
with the Dirichlet series: Zn—p , Where the convergence depends on the parameter p:
n=1

if p>1, then series converges, if p <1, then series diverges .

2) D'Alembert's test.

Theorem.
If for series with positive terms U+ uy+uz+...+us+..., Uu>0
. .. .. . | un+1 _I

there is the finite limit of ratio Im =1,

n—oo
un

then:

1) the series converges if | < 1;

2) the series diverges if | > 1.

(If 1 =1, then the theorem does not answer the question of the convergence
or divergence of the series).

3) The radical Cauchy criterion.
Theorem.

If for series with positive terms u; + U, + Uz +...+ Uyt..., U;> 0 thereis
the finite limit ~ lim/u, =1,
then:

1) the series converges if | < 1;

2) the series diverges if | > 1.
(If 1 =1 then the test is inconclusive).

4) The integral test.
Theorem.

Let the terms of the series  u;+ u, + uz+...+ u,+..., are positive and do not
increase, i.e. U >U,>Uz>... andlet f(x) is continuous and not increasing
function that

f(1) =uy, f(2) =uy, ..., f(n) =u,
Then the series Zu and the improper integral j f (x)dx converge or diverge
i=1
simultaneously.
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Alternating series.
The expression of the form

Up—Up+ U3—Ugt... =D (=), ,
=1

where uy, U,, ..., U,,... are positive, is called the alternating series.
The Leibniz theorem.

If for the series Up—Up+ Us—Ug+..., (u,>0) (8.4)
the following two conditions hold: 1) u;>u,>uz> ... (8.5)
2)limu, =0, (8.6)

then the alternating series (8.4) converges and 0<s<u; .

Remark 1. The Leibniz theorem holds if the inequality (8.5) is satisfied,
since some N.

Remark 2. The Leibniz theorem is illustrated geometrically: if we mark the
partial sums on the number line (Figure 8.1):

S1 = Uy, So=U;—Uy;=S1—Uy, S3=Sy+ U3, S4=S3—Ug ...,
then the points corresponding to the partial sums will be approaching to a point s,
which corresponds to the sum of the series. In this case
So< S5 <FE<...<5<K...<55<K 853K 8.

L

g

lg

]
By

Sz Sg 8§ = g Bz Sp= U

Figure 8.1

Remark 3. (Estimate of the remainder of the series).
If the alternating series satisfies the Leibniz conditions, then

o0

r,= > (-1)™u; _ the alternating series with the first term (—1)"*? 1,41,

i=n+1
consequently, | o] < upen .
Thus (since s =s,+ r,) the error estimate: | s -5, | < u,+1, i.€. errors made
by replacing s by s, does not exceed the absolute value of the first discarded term.

Alternating series (the general case).
The alternating series — the series which terms can be both positive and

negative.
Theorem 1 (a sufficient condition for the convergence of alternating series).
If the alternating series Ui+ Up+ Ug+...+ Ust... (8.7)
such that the series lug| + Juz |+ Jus [+...+ ug|t+. .. (8.8)

converges, then the given alternating series also converges.
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The alternating series (8.7) is called absolutely convergent if the series of
absolute values of its terms (8.8) converges.

If the alternating series (8.7) converges, and the series of absolute terms (8.8)
diverges, then the given alternating series (8.7) is called conditionally (or not
absolutely) convergent.

Properties of absolutely convergent and conditionally convergent series.

Using the notion of absolute convergence Theorem 1 is formulated as
follows: every absolutely convergent series is convergent.

Theorem 2.

If the series converges absolutely, it is absolutely convergent for any
rearrangement of its members. Here the sum of the series does not depend on the
order of its members.

Theorem 3.

If the series converges conditionally, then, for any number A, we can
rearrange the terms of this series that its sum will be equal to A.

Furthermore, we can rearrange the terms of a conditionally convergent series
such that the resulting series will be divergent.

Example.

Series converges conditionally. Rearranging the terms of this series, you can
change the value of the sum.

3.2 Lecture 9. Functional series

Content of the lecture: functional series. Convergence domain. Power series.
Abel theorem. Radius of convergence. Convergence interval, convergence domain.

Aims of the lecture: study the basic concepts of functional series and
conditions for convergence of functional series.

The expression of the form
Uy (X) + Uy (X) + Ug (X) + oo+ U (X) 0= D UL (X)) 9.1)
n=1

where u,(x) (n=1, 2, ...)—functions of x, is called the functional series.

For certain values of x (x = xy) we obtain

Uy (o) + Us (i) +...F Un(x) +...

— numerical series (it can be convergent or divergent).

If this series converges, then xi is the convergence point of functional series.

The domain of convergence — the set of x values for which the functional
series converges.

In the domain of convergence there is a sum of series s(x).
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Example.
L+x+x2+... +x"+ ...
The functional series converges in the interval (-1, 1),

1
i.e. when Ixi<l then S(X)=—
1-x

Thesum S,(X) =D U;(X) is called the partial sum.
i=1
If the functional series converges, then 35(X) =sp(X) + rp(x),
where the sum

rn(x) = un+1(x) + Up+2 (X) +...
is called the remainder of the series (9.1).

For every x in the domain of convergence:
limr, (x) = lim[s(x) —s, (x)] =0,
n—oo n—oo
The functional series (9.1) is called dominant in a certain domain (D) if

3 convergent numerical series a1+ oo+ ...t apt..., (> 0) (9.2)
suchthat wxeD |ui(x)|<a  (i=1,2,..).

Theorem (continuity of the sum of functional series).

The sum of dominant on [a, b] series of continuous functions is a function
continuous on this interval.

Theorem (integration of functional series).

If (9.1) — dominant on [a, b] series, «, xe[a, b], then

j >u(tydt=>" j u, (t)dt (%)
a 1=1 i=l o
Remark 1. If (9.1) is not dominant on [a, b] series, then (*) is not always
possible.
Theorem (differentiation of functional series).

If (9.1) — a functional series of functions with continuous derivatives on [a, b]

—converges on [a, b] to s(x) and Zui (X) —is dominant on [a, b] series, then
i=1

!

Sum] -3,

Remark. Requirement of dominant series of derivatives is substantially.
Power series.

The series of the form
Qo+ ax +ax’+ ... ta,x"+ ..., (9.3)
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where a; are coefficients of power series (constants), i=0, 1, 2, ..., n, is called the
pOWer series.

The domain of convergence of the power series is always an interval, which,
in particular, may degenerate to a point.

Theorem 1 (Abel's theorem).

1) If power series converges at some x, # 0, then (9.3) converges absolutely
for Vx: |x|<xo;

2) if power series diverges at some xg, then (9.3) diverges for Vx: x> x:.

Theorem 2.

The domain of convergence of power series is the interval centered at 0.
(R, R) —the interval of convergence of power series, if:

Vxe(-R, R) (9.3) is an abs. convergent series;

vlx|>R (9.3) is a divergent series.

R — the radius of convergence of power series.

At x = = R convergence is considered individually. Cases are possible:
R=0, R=c.

Methods for R determining.

. |a
Applying the D'Alembert's test; R = lim—"

n—oo an+1

Applying the radical Cauchy criterion: R =1im

n—w n ‘an
Theorem 3.
Power series with radius of convergence R is dominant on [ ], (Vp<R).
Theorem 4.

For power series (9.3) with radius of convergence R the series of derivatives:
o(x) = a1 +2 ayx +...+n a, X"+

[*e]

has the same interval of convergence and (Z aixij = (aixi) :
i= i=1

The process can be extended to any derivative.

Series by powers (x- xp).
The series of the form

a+a (X=X +a,(x—=% ) +o+a,(x=x%) +..= D> a,(x—=x,)
n=0
is called the series by powers (x —X,).
This is a general case of power series.

42



Interval of convergence of this series is the interval (X — R; Xo + R) with
center at Xo. The number R is a radius of convergence of the series , it is calculated
as in the previous case.

3.3 Lecture 10. The Taylor and Maclaurin series

Content of the lecture: the Taylor and Maclaurin series. Application of power
series in approximate computations.

Aims of the lecture: study the basic concepts of the Taylor and Maclaurin
series.

Suppose that f(x) — function having derivatives up to the (n +1)-th order, in
the neighborhood of the point x = a.
Then Taylor's formula is valid:

F(x) = f(a)+ 22 . f(a)+%f”(a)+ L= ‘nf‘)"fm)(a)mn(x). (101

The remainder term is calculated by the formula

n+1

x=a)"" ¢
f a+0(x—a)|
R =" I larox-a) 0<fh<1.
Suppose that in the neighborhood of the point x = a: limR,(x) =0.

Passing to the limit in (10.1) when n — «, we obtain the Taylor series
X—a ' " a n
f(x):f(a)+Tf(a) (x=a)® ® a)’ f"(a)+.. +( nl) f™@)+... (10.2)

The equality (10.2) is valid only if R,(x) — 0 when n — oo.
In this case, the series converges and its sumis f(x).
Remark.

The Taylor series represents given function f (x) only when !LTDO R,(X)=0.

If limR (X)#0, the series does not represent given function, although it

Nn—o0

may converge.

If a = 0, then we get the special case of the Taylor series, namely the
Maclaurin series:

2 Xn
f(x) = f(0)+§f’(0)+ %f"(0)+...+ﬁf(”)(0)+... (10.3)
Examples of expansions of functions in Maclaurin series.
XS X5 2n-1
SiNX=X——+"—+..+ ()™ + _ :
1. 3 5 () 2n—1)! (—o0 < X < );
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2 4 6 2n

cosx=1-~ + X X | + (-1)" X,
2 2 e 2n)! (o0 <X < e0);
2 3 n
C oL Xt ot e et :
If we replace x by (— x), we obtain:
. x> x° L, X"
e =l—x+5—§+...+(—l) ;4‘ (—OO<X<OO);
In(1+x)—x—X—2+x—3—X—4+ +(—1)”‘1£+ 1<x<1):
4 2 3 4 7 no (ml<x<1);
- m(m-1)..(m—-n+1
5. (1+x)’”:1+mx+WX2+...+ ( )n(' )x”+...,
where m — an arbitrary constant number, (—1l<x<1);
In particular,
1
if m= -1 ——=1-x+ X =X+ (-1l<x<1);
1+x
1 :
it m=: (1+x)=1+%x—;4x2+;4‘?6x3+ (~1<x<1);
' _ L L —1—1x+1'3x2—1'3'5x3+ <
T Tex T2 24 zae v (FRXED

Application of power series in approximate computations.

We consider the Taylor and Maclaurin series.

To compute approximately an expression, we shall find the model-function
f(x) and generate it into a series. Take a quantity of terms, which provides the
required accuracy, namely: if any term of series does not influence the given
accuracy, then it and next terms of series can be truncated.

Example.

1
' —=e
Compute approximately iJe :

We take the Maclaurin series for e*:

b 2 3 xn
e =l+x+—+—+..+—+..
R 1
Substitute in series x = —Z-
1
e_Z: 1 1 1 1

-—+ — + +...
4 16-2! 64-3' 256-4
Thus, we can fix accuracy of computation and truncate the noninfluential
terms.
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Computation of definite integrals using series.
Suppose that the following integral is given
j‘ f(x)dx .
Suppose that the function is t?)o complex, hardly integrated, then we generate
f(x) into power series; f(X) = i a,x"

n=1
Integrating term by term, we get

b 0 b
_e[f(x)dx:;an_e[x dx

We know that in Mathematical analysis the integrals of the form

H X
J'wdx, j%dx, je—dx, je‘xzdx
X X X
are not taken, i.e., we cannot find their antiderivatives. Corollary, we cannot use the
Newton-Leibniz formula to compute the definite integral. That is why, in practice
we often use generation of integrand function into Maclaurin series.
Example. Compute the integral to the accuracy of 0,001

1

j.i/;cosxdx.
The Maclaurin series for cosine function has the form:
2 4 6 2n
X" X
cosXx=1-—+———+..+ (1" X 4.
21 41 6l (2n)!
Let us find the product
7 13 19
! Lox3 x3 x3
X3CoOSX=X3 ——+ ———
2! 4l 6!
Integrating term by term, we obtain
10 16 22 .
11 3 3 3 3
J' X3 cosxdx= X X X X
0

- + _ +. =
pt 210 4167422
3 73 3 3

0

S S S U
4 10 1675221 528
3 3 "3 3 3
1

4900 < 0,001, then it is enough to take only four terms of series.
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3.4 Lecture 11. The Fourier series

Content of the lecture: the Fourier series expansion of functions. Dirichlet's
theorem. The Fourier series in an arbitrary interval.
Aims of the lecture: study the basic concepts of the Fourier series.

The Fourier series for function with the period 2.

Function f(x) is called piecewise-monotonous on the interval (a;b) if we can
partition this interval into the finite quantity of intervals (a; X1), (X1; X2), ... , (Xn; b).
And f(x) is either non increasing or non decreasing on each of this intervals.

Dirichlet's theorem.

If f(x) is periodic function with the period 2z, bounded and piecewise-
monotonous on the interval [-x; x], then we can expand f(x) into the Fourier series

%+ i(an cosnx+b, sinnx)
n=1

where a,, b, — the Fourier coefficients are defined by formulas

1 T
a =— | f(x)cosnxd =
" 7[‘[[ (X) X (n=0,12,...),
b —l]if(x)sinnxdx
n 7 (n—1,2,...).

The sum of the series converges at all points of continuity to the function
S(x) = f(x).
The value of this series at the point of discontinuity of f(x) is equal to:

S(x) :%[f (x=0)+ f (x+0)}
If f(x) is an even function then the Fourier series has the form:

f(x)= %+ > a,cosnx,
n=1

2 T
where a, = ;j f (x)cosnxdx, (n=0,1,2, ...).
0
If f(x) is an odd function then the Fourier series has the form:

f (x)=>_b,sinnx,
n=1
2%, .
where b, ==[f(9sinmxdx  m=12,.),
0

Theorem.
If f(x) is periodic function with the period 2z, then
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a+2x

j f (x)dx = j f(x)dx_
where a is the arbitrary constant.

The Fourier series for function with the period 2I.

Suppose that f(x) is a periodic function with period 2l, satisfying the
conditions of the Dirichlet. Then at each continuity point of function f (x), this
function can be expanded in a trigonometric Fourier series:

f(x)= a—2°+2(an cos#+ b, sin%j,

= I
n=1
where a,, b, are the Fourier coefficients:

1 n7x
an ::i-J.f (X)CX)S——[—'d)Q (n ::(),1,2,...);
o

1 _ nax
b == f(x)sin—-dx, —
h 'j. (X)si | (n=1,2,..).

If x is discontinuity point of function f(x), then the sum of the Fourier series
S(x) is equal to:
S(x) :%[f (x=0)+ f (x+0)]
If f(x) is an even function then the Fourier series has the form:

(0 =2+ a,cos™™
=1

2| nzx
where a, = TI f (X)COSI—dX’ (n=0,1,2, ...).
0

If f(x) is an odd function then the Fourier series has the form:

f(x)zzbnsinnl—”x,
n=1
2| nzx
where b, :TJ. f (x)sinl—dx, (n=0,1,2, ...).
0

Theorem.
If f(x) is periodic function with the period 2I, then

'I[ f (x)dx = aTIf (x)dx.

where a is the arbitrary constant.

Example. Expand the following function into Fourier series:
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-1 —I<
F(X) = 1 | <x<0,

1, 0<x<l.

The function is odd, then it expands in sines only, i.e. a, =0, a, = 0. We find
the coefficients

| 0 |
:ljf(x)sin”—”"dxi ~ [sin™Zdx+ [sin " dx | =
1 | TR A

1
m[l coSz —cosan +1]= [ "],

Thus, f(x) expands into Fourier series:

51 (k=D
& 2k-1 T

f(x)_g 1-(-D" sin X _ 4
T N

n
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